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1 IntroductionCirculant graphs have a vast number of applications to telecommunication network, VLSI designand distributed computation [5, 21, 23]. We study various routing problems in circulant graphssuch as �nding the shortest path between two vertices, �nding the shortest loop and the diameter.We establish relations between these routing problems and the problem of �nding the shortestvector in the L1-norm in a lattice.We recall that an n-vertex circulant graph G is a graph whose adjacency matrix A = (aij)n�1i;j=0is a circulant. That is, the ith row of A is the cyclic shift of the zeroth row by i,aij = a0;j�i; i; j = 0; : : : ; n� 1;(adjacency matrix subscripts are taken modulo n). We consider undirected graphs, that is,aij = aji for i; j = 0; : : : ; n� 1 and there are no self-loops (aii = 0 for i = 0; : : : ; n� 1).Therefore with every circulant graph one can associate a set S of positive integers which showswhich pairs of nodes are connected. Two nodes u and v of the graph are connected if and onlyif �(u � v) (mod n) 2 S. Given S we denote the corresponding n-vertex graph by hSin. Wedenote the group of residues modulo n by ZZn. Without loss of generality, we always assumethat S � ZZn.Let S = fs1; : : : ; smg � ZZn with 1 � si � n=2 for i = 1; : : : ;m. Given two vertices u and v ofthe graph hSin, a path from u to v can be described by an integer vector x = (x1; : : : ; xm) 2 ZZmsuch that there are xi steps of the form w ! w+ si if xi � 0, or there are jxij steps of the formw ! w � si if xi < 0, for i = 1; : : : ;m. It is easy to see that any permutation of a sequence ofsteps in a path from u to v produces another path from u to v.Starting from u we arrive at v if and only ifmXi=1 xisi � v � u (mod n):It is natural to aim to minimize the L1-norm jxjL1 which is the length of the shortest pathbetween u and v. For any given n and S = fs1; : : : ; smg, this minimal number depends onlyon u � v. Accordingly for w 2 ZZn we denote by 
(w) = 
n;S(w) the set of solutions x =(x1; : : : ; xm) 2 ZZm of the congruencemXi=1 xisi � w (mod n):De�ne Dn;S(w) = minfjxjL1 : x 2 
(w);x 6= 0g:The condition x 6= 0 is relevant only when w = 0 and in this caseL(n; S) = Dn;S(0)is the length of the shortest loop. We note thatD(n; S) = max1�w�n�1Dn;S(w)1



is the diameter of hSin.Let a1; : : : ; an be linearly independent vectors in IRn. The set of all integral linear combinationsof the ai forms a (n-dimensional) lattice L, and the ai are called a basis of L. A lattice can alsobe abstractly de�ned as a discrete additive subgroup of IRn. The determinant of a lattice L isdenoted by det(L). If a1; : : : ; an is a basis of L, then det(L) = jdet(a1; : : : ; an)j . It is invariantunder a change of basis. We remark that 
(0) is a lattice and 
(w) is a shifted (a�ne) lattice,and so we can apply existing tools for studying short vectors in lattices and their shifts.We formulate the following problemsShortest-Path: Given a set S = fs1; : : : ; smg � ZZn and a residue w 2 ZZn, w 6= 0, �nd Dn;S(w)and a vector x 2 
(w) for which Dn;S(w) = jxjL1 .Shortest-Loop: Given a set S = fs1; : : : ; smg � ZZn, �nd L(n; S) and a vector x 2 
(0) forwhich L(n; S) = jxjL1 .Diameter: Given a set S = fs1; : : : ; smg � ZZn, �nd D(n; S).For general graphs these are well known problems. E�cient polynomial time algorithms havebeen developed for various shortest path problems. However, for the class of circulant graphs,there is an important distinction to be made, and that concerns the natural input size to aproblem. For a general graph it is common to consider that the input size is of order n2,which is the number of elements in the adjacency matrix. However, any circulant graph canbe described by only m integers 1 � s1; : : : ; sm � n=2. In this representation the input size isof order m log n. Thus polynomial time algorithms for general graphs may exhibit exponentialcomplexity in the special case of circulant graphs.Despite quite active interest in the above problems, motivated by various applications of circulantgraphs, very few algorithmic results are known except for some special partial cases such as m =2, see [10, 11, 19, 27]. These papers use quite elementary number theoretic considerations. Thusone of the purposes of this paper is to introduce new techniques in this area, namely the relativelymodern theory of geometric lattices [1, 2, 3, 4, 6, 7, 8, 13, 15, 16, 17, 18, 20, 22, 24, 25, 26]as well as more classical tools from the geometry of numbers [9] and combinatorial numbertheory [12, 14].First, we give estimates on the shortest loop length in terms of associated lattices. We provideupper and lower bounds which are close, within a factor of approximately two.Then, we brie
y discuss the case when the input n is given in unary. We provide an algorithmspeci�cally tailored for the circulant graphs which solves the Shortest-Loop problem in poly-nomial time for this input measure. In contrast, we show that the Shortest-Path problem isNP-hard in the context of the more concise representation.Finally, we prove that three lattice problems which are believed to be hard, are reducible to anaverage-case instance of the Shortest Vector Problem (SVP) for the homogeneous lattice familyde�ned by circulant graphs, under a certain distribution on such lattices.
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2 Estimates of Shortest VectorsIn this section we give estimates for the shortest loop length L(n; S) in terms of the latticede�ned by the congruence Pmi=1 aixi � 0 (mod n). For simplicity we focus on the case wherethe modulus n is a prime p. This can be generalized to a composite modulus via the ChineseRemainder Theorem. In fact taking the lattice view, it is natural to consider the more generalsetting where a set of s congruences is given,Ax � 0 (mod p); x 2 ZZm;where A = (aij) 2 ZZs�mp , which de�nes a lattice L of dimension m. The case with the circulantgraph is s = 1. This lattice is of dimension m, independent of s, since p � ei 2 L, for all i, whereei is the ith canonical basis vector (for ZZm). Note that in general p � ei do not form a basis forL.We now compute the determinant of L. The map x 7! Ax (mod p) de�nes a homomorphismfrom ZZm to ZZsp, the kernel of which is our lattice L. Thus the cardinality jZZm=Lj � ps (equalityholds if and only if A has rank m over ZZp). Hence det(L) � ps, with equality if and only if Ahas rank m over ZZp.Let Bm(r) = fx 2 Rm : jxjL1 � rg be the L1-norm ball of radius r in m-dimensional space.Then the volume vol(Bm(r)) = rm � 2mm! :By Minkowski's Theorem, see Theorem 2 of Chapter 3 of [9], if vol(Bm(r)) � 2m det(L), thenthere is a non-zero vector x 2 L \ Bm(r). Because 2mps � 2m det(L), a su�cient condition onr is r � mpm!ps=m � me ps=m;(The approximation is based on mpm! = me (1 + o(1)) as m!1.) Thus we haveTheorem1. For any system Ax � 0 (mod p), where A 2 ZZs�mp , there is a solution x 2 ZZm,x 6= 0, and jxjL1 � mpm!ps=m. In particular, for any circulant graph hSip,L(p; S) � mpm!p1=m;where m = jSj.Let Nm(r) = jfx 2 ZZm : xi � 0; and x1 + � � � + xm � rgj. It is elementary to show thatNm(r) =  r +mm !:Thus ZZm \Bm(r) = fx 2 ZZm : jxjL1 � rg has cardinality at most 2m�r+mm �:Now to each non-zero x 2 ZZm\Bm(r), there are exactly pm�1�1 non-zero coe�cient sequences(a1; : : : ; am) 2 ZZmp for which Pmi=1 aixi � 0 (mod p). Altogether this can account for at most(2m�r+mm �� 1)(pm�1 � 1) non-zero sequences (a1; : : : ; am) 2 ZZmp . Thus ifpm � 1 > (2m r +mm !� 1)(pm�1 � 1);3



then some (a1; : : : ; am) 6= 0 has no solution with norm at most r. The following bound iscertainly a su�cient condition for this:p � 2m r +mm !:Since �r+mm � � ((r +m)e=m)m, after some simple calculation, we have the su�cient conditionr < m� 12ep1=m � 1� :Theorem2. There are circulant graphs hSip withL(p; S) �m� 12ep1=m � 1� :We note that this lower bound almost matches the upper bound in Theorem 1, within a factorof about 2. Also the analysis here can be given in terms of a matrix A 2 ZZs�mp , in which case,we replace the quantity p1=m by ps=m.Unfortunately the above considerations do not seem to apply to the non-homogeneous case.Nevertheless, some number theoretic results of [12, 14] allow us to deal with this case as well.In particular, we obtain an upper bound on D(n; S), which, in some cases, is quite tight.Theorem3. For any circulant graph hSip with m � 0:5 j(4p� 7)1=2k+ 1,D(p; S) � 0:5 j(4p� 7)1=2 + 1k � p1=2;where jSj = m.Proof. It is shown in [12] that for any set T � ZZ�p of cardinality jT j = j(4p� 7)1=2k + 1, anyelement w 2 ZZp can be represented in the formw � Xt2W t (mod p)for some subset W � T of cardinality at most jT j=2. It is obvious that the cardinality of theset R = S [ �S is at least 2m � 1. Thus selecting an arbitrary subset T � R of cardinalityjT j = j(4p� 7)1=2k+ 1 � 2m� 1 we obtain the required result. utWe remark that if m � p1=2 and S = f1; : : : ;mg then, obviously, D(p; S) � p=m � p1=2, thusTheorem 3 is tight for such circulant graphs.3 Polynomial Time Algorithms for Small nWhen n is given as a unary input and the time complexity is measured in terms of n, there arewell known polynomial time algorithms to �nd both the length of the shortest path between4



any two vertices of a graph with n vertices, as well as a shortest path itself. This applies tocirculant graphs as a special case. However, even in this case, due to the symmetry present inany circulant graph, considerable savings can be realized in time complexity, compared to usinga general graph algorithm.We concentrate on the Shortest-Loop problem. The de�nition of a loop here is speci�callytailored for the circulant graph, and is not merely a specialization of a loop in general graphs.This is because there is a \commutativity" of the underlying group ZZn, and so we exclude certain\trivial loops". For example, suppose there are two distinct step sizes s1 and s2 2 S. The closedpath h0; s1; s1+ s2; s2; 0i, using steps s1; s2;�s1;�s2 respectively, would be considered a loop ina general graph, but is excluded here.Assume we are given S = fs1; : : : ; smg � ZZn. The idea of the following algorithm for �ndingloops is to try to compute all shortest paths connecting 0 and some isk (mod n), using only stepsfrom S0 = fs1; : : : ; sk�1g. We do this for all i and then for all k, and �nally take the minimum.Fix k, 1 � k � m. Let gk = gcd(sk; n). Let s0k = sk=gk; nk = n=gk. Then gcd(s0k; nk) = 1, andwe can solve integral linear equations s0kx� nky = �1:The general solution has the form x = �[x0 + tnk] and y = �[y0 + ts0k], for some x0 and y0,and where all t 2 ZZ are admissible. Choose t so that the absolute value jxj = jx0 + tnkj isminimum. This will set jxj � bnk=2c and the corresponding t is essentially unique. We denotethis minimizing x by xk.Next, for each j, 1 � j � bnk=2c, we compute the shortest path from 0 to jsk mod(n), inthe graph hS0in de�ned by S0 = fs1; : : : ; sk�1g. The minimum path length in this graph isDn;S0(jsk).Let f(i; k) = ( j +Dn;S0(jsk) if i � �jsk (mod n); 1 � j � bnk=2c1 otherwise, that is, gk 6 j i, (1)where 1 � i � n� 1, and let f(0; k) = nk:Note that, for 1 � i � n � 1, gk = gcd(sk; n) j i if and only if there is some j, where 1 � j �bnk=2c, such that i � �jsk (mod n). Moreover, in this case, such a �j is unique, (except in thecase where nk is even and i = nk2 sk, in which case there are exactly two values +nk2 and �nk2 .)To see this, one direction is trivial: if i � �jsk (mod n) for some j, then gk = gcd(sk; n) j i.Now suppose gk j i. Then i belongs to the subgroup generated by gk in ZZn, which is alsogenerated by sk. This subgroup has order nk. Hence there is some j within the speci�ed range1 � j � bnk=2c, such that i � �jsk (mod n): (2)j 6= 0 since i 6� 0 (mod n). In the general case when gk j i, except when nk is even and i = nk2 sk,the uniqueness of such a �j is quite obvious. For otherwise we have ((�j) � (�j0))sk � 0(mod n) which implies that nk j ((�j) � (�j0)). And the only possibility for this to hold isj = j0 = nk=2 but they took opposite signs in (2), and i = nk2 sk. Indeed in this case the �j in(2) is not unique, but nonetheless the value of f(i; k) is uniquely de�ned.5



This shows that the function f(i; k) is well de�ned, and given any algorithm for �nding shortestpaths, this gives us an algorithm to compute f(i; k). In particular this gives a polynomial timealgorithm for f(i; k).Now we claim that the minimum loop sizeL(n; S) = min0�i�n�1;1�k�m f(i; k): (3)Clearly the minimum value on the right in (3) produces the length of some loop. Since all sk 6= 0,using sk alone, one can form a loop with exactly f(0; k) = nk steps (and no less). Thus theminimum is �nite. In the case 1 � i � n� 1, the value f(i; k) gives the length of some loop, ifsuch a loop exists, that consists of step sizes s1; : : : ; sk only, with a non-zero number of step sizesk.Let L be a loop achieving L(n; S). We show that our minimum value on the right of (3) is atleast as small. This establishes (3).If L involves only one step size sk, then f(0; k) = nk gives the shortest loop in this case. LetL involve more than one step size, and let k be the largest ` such that L involves a non-zeronumber x` of steps of size s`. Since L is minimal, skxk 6� 0 (mod n), for otherwise, by deletingthe steps involving sk we still have a non-trivial loop.Let i be the least modulus of �skxk (mod n), where 1 � i � n�1, then Pk�1`=1 s`x` � i (mod n),and x` is the number of steps in L involving s`. Since the subgroup of ZZn generated by sk hasorder nk, there is a j, 1 � j � bnk=2c, such that �skxk � �jsk (mod n). This implies that�xk � �j (mod nk). Since jxjL1 is minimal, xk = �j.After taking away the steps involving sk, what remains is a path from 0 to i � �skxk (mod n)using only steps s1; : : : ; sk�1, the minimum length of which has been found in the equation (1)de�ning f(i; k).This completes the description of our algorithm to compute L(n; S). Now, we estimate its timecomplexity. Let hSlin be the graph de�ned by Sl = fs1; : : : ; slg, where 1 � l � m. To computef(i; k), where i � �jsk (mod n), we need to know the value of Dn;Sk�1(jsk). We �rst do abreadth-�rst search on hSlin, for l = 1; : : : ;m, to compute the length of the shortest path from 0to every other vertex in each of these graphs. This can be done in a total time of O(nm2). Therest of the computation takes time O(nm polylog(n)). Therefore we have the following resultTheorem4. The Shortest-Loop Problem can be solved in time O(nm2 + nm logO(1) n).A more careful design of the algorithm can be shown to reduce the time to O(nm).4 NP-hardness for the Shortest-Path problemIn this section we show that the Shortest-Path problem is NP-hard. We can also show NP-hardness and quasi NP-hardness of the approximation version of this problem. These will bediscussed in the full paper. We �rst state a decision problem version of the Shortest-Pathproblem. We show that this problem is NP-complete, and the NP-hardness of the optimizationproblem follows easily. 6



Shortest-Path Decision Problem(SPDP)Instance: Given in binary an integer n, a set S = fs1; : : : ; smg � ZZn, a residue w 2 ZZn,w 6= 0, and a bound b.Question: Is Dn;S(w) � b?Size: length(n) +Pmi=1 length(si) + length(w) + length(b).Theorem5. The Shortest-Path Decision Problem (SPDP) is NP-complete.Proof. We reduce the following well-known NP-complete decision problem to the Shortest-PathDecision Problem.Exact-3-Cover(X3C)Instance: A positive integer q and a collection C of 3-element subsets of the set X =f1; 2; 3; :::; 3qg.Question: Is there an exact cover C 0 � C for X (so that each element of X belongs to exactlyone member of C 0)?Size: q + jCj, where jCj is the cardinality of C.Details of the proof are in Appendix A. ut5 The Hardness for Homogeneous SystemsIn the last section we showed that the optimization problem of �nding Dn;S(w) for a generalright hand side w is NP-hard. This corresponds to the SVP in a special class of a�ne lattices.The homogeneous case where w = 0 is the SVP in a special class of homogeneous lattices, namelythose de�nable by a single congruence of the form Pmi=1 sixi � 0 (mod n).There has been a considerable amount of work on the SVP for homogeneous lattices. VanEmde Boas [26] showed that it is NP-hard for the L1-norm (see also [20]). The NP-hardnessfor every other Lp-norm, especially for the L2-norm, was open until a recent breakthrough byAjtai [2], who showed that the problem for the L2-norm is NP-hard under randomized reductions.Moreover Ajtai [2] also showed that it is NP-hard to approximate the shortest non-zero vectorin an m-dimensional lattice within a factor of (1 + 2�mk), for a su�ciently large constant k.This was improved by Cai and Nerurkar [8] to a factor of �1 + 1m��, for any � > 0. They [8]also noted explicitly that the proof works for arbitrary Lp-norms, 1 � p < 1. Miccianciofurther improved this factor to p2 � � [24]. Approximations to the closest vector in a latticewere considered in [4, 13]. However, in all these reductions, the lattices constructed do not fallinto the category of lattices de�ned in terms of circulant graphs, that is, de�nable by a singlecongruence. Nevertheless, we show (in Appendix C) that the SVP for such lattices is, in fact,NP-hard under randomized reductions. We prove the following theorem:Theorem6. The SVP for the class of (homogeneous) lattices de�ned by circulant graphs isNP-hard under randomized reductions. Moreover, it remains NP-hard to �nd an approximateshortest vector in this class of lattices within a factor of p2� �, for any constant � > 0.In this section, we focus on a worst-case/average-case connection.Ajtai, in a separate work [1], established a reduction from the worst-case complexity of someproblems believed to be hard, to the average-case complexity of the approximate SVP for a cer-tain class of random lattices. This worst-case/average-case connection is the only such provable7



reduction known for a problem in NP believed to be hard and has generated a lot of inter-est [3, 6, 7, 15, 16, 17, 18]. We state below three problems which are believed to be hard for anyconstants c1; c2 and c3:(P1) Find �1(L), the length of a shortest non-zero vector in an m-dimensional lattice L, up toa polynomial factor mc1 .(P2) Find the shortest non-zero vector in an m-dimensional lattice, where the shortest vectoris unique up to a polynomial factor mc2 .(P3) Find a basis in an m-dimensional lattice whose maximum length is the smallest possible,up to a polynomial factor mc3 .Let ZZr�lq denote the set of r � l matrices over ZZq. For every r; l; q, 
r;l;q denotes the uniformdistribution on ZZr�lq . For every X 2 ZZr�lq , the set �(X) = fy 2 ZZl j Xy � 0 (mod q) gde�nes a lattice of dimension l. �r;l;q denotes the probability space of lattices consisting of�(X) by choosing X according to 
r;l;q. Let q = rc be an arbitrary but �xed polynomialof r. By Minkowski's Theorem, see Theorem 2 of Chapter 3 of [9], it can be proved that,8c 9c0 such that 8�(X) 2 �r;c0r;rc; �1(�(X)) � r. (In fact, this bound can be improved to�(r1=2+�):) Let l = c0r where c0 depends on c as indicated above. Let � = �r;l;q. Ajtai showed:Theorem7 (Ajtai). Let 
 be any constant. If there is a probabilistic polynomial time algorithmA such that, with non-trivial probability 1=rO(1), A �nds a short non-zero vector v, jvjL2 � r
,for a uniformly chosen lattice in the class � indexed by r, then there is a probabilistic polynomialtime algorithm B that solves the three problems (P1), (P2) and (P3) in the worst case, withhigh probability, for some constants c1; c2 and c3.We prove here that these problems are also reducible to an average-case instance of the SVPfor the lattice family de�ned by circulant graphs, under a certain distribution on such lattices.This is not quite an NP-hardness proof, since these problems (P1), (P2) and (P3) are notknown to be NP-hard. In fact there is evidence that they are not. Goldreich and Goldwassershowed that approximating the shortest lattice vector within a factor of O(pm= logm) is notNP-hard assuming the polynomial time hierarchy does not collapse [15]. Cai showed that �nd-ing an m1=4-unique shortest lattice vector is not NP-hard unless the polynomial time hierarchycollapses [6]. On the other hand, these problems have resisted all attempts at �nding a (prob-abilistic) polynomial time algorithm to date. The best polynomial time algorithm is essentiallythe L3 basis reduction algorithm [22] which achieves an approximation factor of 2m=2 for theSVP. Schnorr improves this factor to (1 + �)m, still exponential in m and with the running timedepending badly on � in the exponent [25]. Thus it is reasonable to assume that these problems(P1), (P2) and (P3) are computationally hard.The following proof establishes that for a certain distribution of circulant graphs, or equivalentlyfor the special class of lattices, the average-case complexity of approximating the shortest vectorin a lattice within any polynomial factor is at least as hard as these three problems in the worst-case. We �rst present a construction that reduces the problem of �nding a short vector in alattice �(X) to the problem of �nding a short solution vector to an appropriate congruence.Given numbers q; � and a matrix X 2 ZZr�lq , we construct in polynomial time, a sequences1; : : : ; sl+r of l + r integers and an integer n. The congruence we consider is Pl+ri=1 sixi � 0(mod n). 8



De�ne k = dlog2 �e+ dlog2 qe+ 1. For i = 1; : : : ; l, let si =Prj=1Xji2(j�1)k. Essentially, si is aconcatenation of padded versions of the entries in the ith column of X. For i = l + 1; : : : ; l + r,de�ne si = 2(i�l�1)kq. De�ne n to be any integer larger than 2rk�. The next theorem showsthat the above construction is a reduction. This theorem can be tightened to get rid of themultiplicative factor r below. As our main goal in this section is to prove Theorem 9, we deferthe stronger version to the full paper.Theorem8. Let � be any number. Given a vector v 2 �(X); 0 < jvjL1 � �, a solution vectorx to the congruence Pl+ri=1 sixi � 0 (mod n), with 0 < jxjL1 � (r + 1)�, can be computed inpolynomial time, and given a solution x to the congruence, 0 < jxjL1 � �, a vector v 2 �(X)with 0 < jvjL1 � �, can be computed in linear time.Proof. Let v = (v1; : : : ; vl) 2 �(X); 0 < jvjL1 � �. By the de�nition of �(X), there are integersa1; : : : ; ar, such that for j = 1; : : : ; r, lXi=1 viXji = ajq:From this it follows that jaj j � jvjL1 � � because for all i; j, 0 � Xji < q. We claim that thevector x = (v1; : : : ; vl;�a1; : : : ;�ar) is a solution to the congruence. This is becauselXi=1 visi + rXj=1(�aj)sl+j = lXi=1 vi0@ rXj=1Xji2(j�1)k1A+ rXj=1(�aj)q2(j�1)k= rXj=1 2(j�1)k  lXi=1 viXji � ajq!= 0:Clearly x is non-zero, and jxjL1 = jvjL1 +Prj=1 jaj j � �+ �r = (r + 1)�.Now, let x = (x1; : : : ; xl+r) be a solution to the congruence Pl+ri=1 sixi � 0 (mod n), such thatjxjL1 � �. Every si is at most 2rk and so the sum Pl+ri=1 sixi is at most 2rk� in absolute value,and since n has been chosen to be bigger than this quantity, Pl+ri=1 sixi = 0. We claim thatv = (x1; : : : ; xl) belongs to �(X), that is, Xv � 0 (mod q).We prove by induction on j, j = 1; : : : ; r, that Pli=1Xjixi + qxl+j = 0. This proves thatPli=1Xjixi � 0 (mod q). First the base case. We can rewrite Pl+ri=1 sixi = 0 aslXi=1 sixi + l+rXi=l+1 sixi = 0:We know that si � X1i (mod 2k) for i = 1; : : : ; l, sl+1 � q (mod 2k), and for all other i, si � 0(mod 2k). Writing the above equation mod 2k gives uslXi=1X1ixi + qxl+1 � 0 (mod 2k):Since 0 � X1i < q and jxjL1 � �, the above sum is at most q� in absolute value. By de�nition,q� < 2k. Therefore, Pli=1X1ixi + qxl+1 = 0. 9



Now, let us assume that Pli=1Xjixi+ qxl+j = 0 for j = 1; 2; : : : ; j0. We show that Pli=1Xjixi+qxl+j = 0 for j = j0 + 1. Let s0i be the quotient obtained by dividing si by 2j0k. In otherwords, s0i is the number got by removing the j0k least signi�cant bits of si. We claim (details inAppendix B) that l+rXi=1 s0ixi = 0: (4)Clearly, for i = 1; : : : ; l, s0i � Xj0+1;i (mod 2k), s0l+j0+1 � q (mod 2k), and for all other i,s0i � 0 (mod 2k). Therefore, taking (4) modulo 2k, we see that Pli=1Xj0+1;ixi + qxl+j0+1 = 0.This completes the induction. Therefore, for j = 1; : : : ; r, Pli=1Xjixi + qxl+j = 0, and soPli=1Xjixi � 0 (mod q). Clearly, jvjL1 � jxjL1 � �. utWe now apply this reduction to show that, to solve a congruence of the formPri=1 sixi (mod n)is as hard on the average, under a suitable distribution on the si and n, as problems (P1), (P2)and (P3) are in the worst case. We �rst de�ne the random distribution used.The distribution takes two parameters, r and �. Let q = rO(1) and l = �(r) be as in thede�nition of � in Theorem 7. De�ne the set S = Sr;� to be the set of positive integers lessthan 2rk, where k = dlog2 �e + dlog2 qe + 1. De�ne the following distribution Dr;� on integers(s1; : : : ; sl+r; n) 2 Sl+r � ZZ. Dr;� is obtained by �rst picking uniformly an r � l matrix Xwith entries in ZZq, and then letting si = Prj=1Xji2(j�1)k for i = 1; : : : ; l, si = 2(i�l�1)kq,for i = l + 1; : : : ; l + r and n be an integer greater than 2rk�, chosen according to any �xeddistribution.We get the following worst-case/average-case connection.Theorem9. Let 
 > 2:5 be any constant in Theorem 7 and let l = �(r) as above. If there is aprobabilistic polynomial time algorithm C such that, with non-trivial probability 1=rO(1), C �nds asolution vector x of L1-norm length at most r
 for the congruence Pl+ri=1 sixi � 0 (mod n), wherethe si and n are chosen according to distribution Dr;r
 , then there is a probabilistic polynomialtime algorithm D that solves the three problems (P1), (P2) and (P3) in the worst case, withhigh probability, for some constants c1; c2 and c3.Proof. We show that the hypothesis implies that there is an algorithm which, with non-trivialprobability 1=rO(1), �nds a short non-zero vector v of L1-norm length at most r
 , for a lattice�(X) de�ned by a uniformly chosen matrix X 2 ZZr�lq , that is, a lattice chosen uniformly from�.Given such a matrix X, we apply the reduction with � = r
 , and construct an integer n anda sequence s1; : : : ; sl+r. Note that s1; : : : ; sl+r; n have the distribution Dr;r
 . By Minkowski'sTheorem, see Theorem 2 of Chapter 3 of [9], there exists v 2 �(X); jvjL2 � r. Therefore, by theCauchy-Schwarz inequality, jvjL1 � rpl = O(r1:5). By Theorem 8, there exists a solution vectorx to the congruence Pl+ri=1 sixi � 0 (mod n) with jxjL1 = O(r2:5). Thus, our assumption aboutC is not vacuous, since 
 > 2:5. By Theorem 8 again, given a solution x to the congruence,jxjL1 � r
 , a vector v 2 �(X) with jvjL1 � r
 can be constructed. The result now follows byTheorem 7 because jvjL2 � jvjL1 . ut
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Let ` = length(q) + 1 = dlog2(q + 1)e + 1, one more than the binary length of the integer q.Then q � 2`�1 � 1. Let B be the set of all binary strings of length (3q + 1) � `+ 1. Each x 2 Bis considered as a binary number with 3q + 1 blocks of bit sequences of length `, plus one moreleading (most signi�cant) bit. 8i; 1 � i � 3q, let ai = 2(i�1)`, a binary number with exactly one 1in the i th block, i counting from the right. Let M = 23q`. For each � 2 C, let s� =M+Pi2� ai.s� is M plus a binary number with exactly one 1 in each of the three locations correspondingto the three elements of � . Let w = qM +P3qi=1 ai. Finally let n = 2(3q+1)` and let b = q. Thiscompletes the de�nition of '(X;C).If there is an exact cover C 0 � C of X, then jC 0j = q, and 8i; 1 � i � 3q;P�2C0 �� (i) = 1. Letx� = ( 1 if � 2 C 00 otherwise.Then X�2C s�x� = qM + X�2C0Xi2� ai = qM + 3qXi=10@X�2C0 �� (i)1A ai = qM + 3qXi=1 ai = w:In particular, P�2C s�x� � w (mod n) and jxjL1 = q. Hence '(X;C) is a positive instance forSPDP.Suppose now P�2C s�x� � w (mod n) for some x = (x� )�2C with jxjL1 � q. Suppose �rstP�2C s�x� = w + kn for some integer k 6= 0. Then�����X�2C s�x� ����� � jxjL1 �max�2C fs�g � qs;where we denote by s = M +P3qi=1 ai, an upper bound for all s� . Meanwhile jw + knj � n� wif k 6= 0. Thus n � w + qs = 2qM + (q + 1) 3qXi=1 ai < (2q + 1)M < n;since q + 1 � 2`�1 and 2q + 1 < 2`. This is a contradiction. Thus k = 0 andX�2C s�x� = w:We wish to show next that among the x� 's exactly q of them are 1 and the rest are all 0.Consider w = P�2C s�x� = (P�2C x� )M +P�2C(s� �M)x� . Let r = P�2C x� . We claimr = q. Otherwise, (r � q)M = 3qXi=1 ai �  X�2C(s� �M)x�! :Thus M � j(r � q)M j � 3qXi=1 ai + qmax�2C fs� �Mg � (q + 1) 3qXi=1 ai < M:Again a contradiction.Thus P�2C x� = q. But jxjL1 =P�2C jx� j � q, hence, all x� � 0.13



Let s0� = s� �M =Pi2� ai, and let w0 = w � qM =P3qi=1 ai. ThenX�2C s0�x� = w0;where x� � 0 and P�2C x� = q.In the binary representation of P�2C s0�x� , each ai = 2(i�1)` has a coe�cient exactly equal tothe number of times i 2 � , each counting x� times. There can be no carries, since x� � 0 andP�2C x� � q.More precisely, consider any i, 1 � i � 3q. Let�� = � � f1; 2; : : : ; i� 1g;and let s�� = Xj2�� aj:Then w0 = X�2C s0�x� = X�2C s��x� + X�2C(s0� � s�� )x� : (5)We note that 0 � s0� � s�� �Pi�1j=1 aj . Thus0 � X�2C(s0� � s�� )x� � jxjL1 i�1Xj=1aj � q i�1Xj=1 aj < ai = 2(i�1)`:Hence by (5) � w02(i�1)` � = X�2C � s��2(i�1)`�x� ;where term by term s��2(i�1)` is an integer. Meanwhile by de�nition� w02(i�1)` � = 3q�iXj=0 2j`:Taking the last two right hand sides modulo 2`, we haveX�2C � s��2(i�1)`�x� � 1 (mod 2`):Note that s��2(i�1)` � ( 1 (mod 2`) if i 2 �0 (mod 2`) if i 62 � .So we get X� : i2� x� � 1 (mod 2`):But 0 �P� x� � q < 2`, so X� : i2� x� = 1:14



Finally, since all x� � 0, exactly one x� = 1, and all other x� = 0, among all � containing i.This is true for all i, 1 � i � 3q. Thus overall, among all x� 's, exactly q of them are 1, the restare 0, and f� 2 C : x� = 1gforms an exact cover of X.B Proof of Equation (4)This can be seen as follows. For i = 1; : : : l,si = 2j0ks0i + ri;where ri =Pj0d=1Xdi2(d�1)k . Therefore,lXi=1 sixi = lXi=1 242j0ks0i + j0Xd=1Xdi2(d�1)k35xi= lXi=1 2j0ks0ixi + j0Xd=1 2(d�1)k lXi=1Xdixi:By the inductive hypothesis, for d = 1; : : : ; j0,lXi=1Xdixi = �qxl+d:Thus, lXi=1 sixi = lXi=1 2j0ks0ixi � j0Xd=1 2(d�1)kqxl+d: (6)For i = l + 1; : : : ; l + j0, si = 2(i�l�1)kq, for i = l + j0 + 1; : : : ; l + r, si = 2j0ks0i, and fori = l + 1; : : : ; l + j0, s0i = 0. Thus,l+rXi=l+1 sixi = l+j0Xi=l+1 sixi + l+rXi=l+j0+1 sixi= j0Xd=1 2(d�1)kqxl+d + l+rXi=l+1 2j0ks0ixi: (7)From equations (6) and (7), we get0 = l+rXi=1 sixi = 2j0k l+rXi=1 s0ixi;thus proving (4).
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C Proof of NP-hardness of the SVP for the homogeneous caseIn this section we denote by �1(L) the L1-norm length of a shortest non-zero vector in a latticeL. We also denote by [b1; : : : ; bn] the matrix whose columns are the vectors bi. Let L be ann-dimensional integral lattice in IRn. Note that any n-dimensional lattice in some IRm given bynO(1) bits can be su�ciently approximated by an n-dimensional rational lattice in IRn whosebasis can be described by nO(1) bits. By scaling, any rational lattice can be converted to anintegral lattice. So there is no loss of generality in assuming L is integral.Let L� be the dual of L. Let b1; : : : ; bn be a basis of L�. In general, bi 2 Qn even though Lis integral. Let B = [b1; : : : ; bn]T , the matrix with bTi as row vectors. Then, L = L�� = fz 2ZZn j Bz is an integral vectorg. Let bij = pijqij and let k be the least common multiple of all theqij. Clearly, bijk 2 ZZ. Let aij = bijk (mod k) and A = (aij)1�i;j�n. By the de�nition of a duallattice, for an integral z 2 ZZn, z 2 L () Bz is integral () 8iPnj=1 bijzj is an integer ()8iPnj=1 aijzj � 0 (mod k). That is, L = fz 2 ZZn j Az � 0 mod kg. The determinant of L isat most kn. By Minkowski's First Theorem applied to the L1-norm,�1(L) � 
n(detL)1=n � 
nk;where 
 is a universal constant.Let p be a prime bigger than kn(n!) and � = p �1 + np�
nk. Let l = dlog2(pk�)e+1. Note thatl � nO(1). Let M be any integer > 2nl�. Letsi = nXj=1 aji2(j�1)l for i = 1; : : : ; nand si = 2(i�1�n)lpk for i = n+ 1; : : : ; 2n:It is clear that 8i jsij � 2nl. It is also obvious that all the quantities de�ned above havepolynomial bit length. Let L0 be the lattice L0 = fx 2 ZZ2n j P2ni=1 sixi � 0 (mod M)g.Lemma10. Given a non-zero vector z 2 L, a non-zero vector x 2 L0 can be computed so thatjxjL1 � p �1 + np� jzjL1 , and given a non-zero vector x 2 L0, jxjL1 � �, a non-zero vector z 2 Lcan be computed such that, jzjL1 � jxjL1p . It follows that,p�1(L) � �1(L0) � p�1 + np� �1(L):Proof. Let jzjL1 = �. By de�nition, Az � 0 (mod k). In other words, for j = 1; : : : ; n, 9dj 2 ZZsuch that Pni=1 ajizi = djk. Because 0 � aji < k, jdj j < jzjL1 = �. Let y = pz. This means thatAy � 0 (mod pk). De�ne x = (y1; : : : ; yn;�d1; : : : ;�dn). We now show that x 2 L0.This is becausenXi=1 yisi + nXj=1(�dj)sn+j = nXi=1 yi0@ nXj=1 aji2(j�1)l1A+ nXj=1(�dj)pk2(j�1)l= nXj=1 2(j�1)l  nXi=1 yiaji � djpk!= 0: 16



We get, jxjL1 = jyjL1 + nXj=1 jdj j� p� + n�= p (1 + np ) �:Because y is non-zero, x is a non-zero vector in L0. When z is the shortest non-zero vector inL, we get the following inequality,�1(L0) � jxjL1 � p(1 + np ) jzjL1 = p(1 + np )�1(L): (8)Now for the second part of the lemma. By Minkowski's First Theorem, �1(L) � 
nk. Therefore,by what was proved above, �1(L0) � p (1 + np ) 
nk = �, which means our assumption in thesecond part jxjL1 � � is not vacuous.We have, P2ni=1 sixi � 0 (mod M), and because ���P2ni=1 sixi��� � 2nl� < M , P2ni=1 sixi = 0. Wewill now show that Ax̂ � 0 (mod pk); (9)where x̂ = (x1; : : : ; xn)T , the �rst n components of x.We prove by induction on j, j = 1; : : : ; n, that Pni=1 ajixi + pkxn+j = 0. This proves thatPni=1 ajixi � 0 (mod pk). First the base case. We can rewrite P2ni=1 sixi = 0 asnXi=1 sixi + 2nXi=n+1 sixi = 0: (10)We know that si � a1i (mod 2l) for i = 1; : : : ; n, sn+1 � pk (mod 2l), and for all other i, si � 0(mod 2l). Writing the above equation mod 2l gives usnXi=1 a1ixi + pkxn+1 � 0 (mod 2l):Since 0 � a1i < k and jxjL1 � �, the above sum is at most pk� in absolute value. By de�nition,pk� < 2l. Therefore, Pni=1 a1ixi + pkxn+1 = 0.Let 1 � j0 < n and assume that Pni=1 ajixi + pkxn+j = 0 for j = 1; 2; : : : ; j0. We show thatPni=1 ajixi+ pkxn+j = 0 for j = j0+1. Let s0i be the quotient obtained by dividing si by 2j0l. Inother words, s0i is the number got by removing the j0l least signi�cant bits of si. We claim that2nXi=1 s0ixi = 0: (11)This can be seen as follows. For i = 1; : : : n,si = 2j0ls0i + ri;17



where ri =Pj0d=1 adi2(d�1)l. Therefore,nXi=1 sixi = nXi=1 242j0ls0i + j0Xd=1 adi2(d�1)l35 xi= nXi=1 2j0ls0ixi + j0Xd=1 2(d�1)l nXi=1 adixi:By the inductive hypothesis, for d = 1; : : : ; j0,nXi=1 adixi = �pkxn+d:Thus, nXi=1 sixi = nXi=1 2j0ls0ixi � j0Xd=1 2(d�1)lpkxn+d: (12)For i = n + 1; : : : ; n + j0, si = 2(i�n�1)lpk, for i = n + j0 + 1; : : : ; 2n, si = 2j0ls0i, and fori = n+ 1; : : : ; n+ j0, s0i = 0. Thus,2nXi=n+1 sixi = n+j0Xi=n+1 sixi + 2nXi=n+j0+1 sixi= j0Xd=1 2(d�1)lpkxn+d + 2nXi=n+1 2j0ls0ixi: (13)From equations (10), (12) and (13), we get0 = 2nXi=1 sixi = 2j0l 2nXi=1 s0ixi;thus proving (11).Clearly, for i = 1; : : : ; n, s0i � aj0+1;i (mod 2l), s0n+j0+1 � pk (mod 2l), and for all other i,s0i � 0 (mod 2l). Therefore, taking (11) modulo 2l, we see that Pni=1 aj0+1;i xi + pkxn+j0+1 = 0.This completes the induction. Therefore, for j = 1; : : : ; n, Pni=1 ajixi + pkxn+j = 0, and soPni=1 ajixi � 0 (mod pk). This proves (9).Let Ax̂ = (pm1; : : : ; pmn)T , wheremi 2 kZZ. Then, (detA)x � 0 (mod p). Since, p > kn(n!) �jdetAj, p is relatively prime to jdetAj and so p j xi, for i = 1; : : : ; n. Let z = (z1; : : : ; zn) wherezi = 1pxi. Then Az � 0 (mod k). Also, since x is non-zero, not all x1; : : : ; xn are zero, by thede�nition of L0. Therefore, z is a non-zero vector in L. Clearly, jzjL1 � 1p jxjL1 . We get thefollowing inequality when x is the shortest non-zero vector in L0,�1(L) � jzjL1 � 1p jxjL1 = 1p�1(L0): (14)From (8) and (14) we establish,p�1(L) � �1(L0) � p�1 + np��1(L): ut18



Theorem 6. The SVP for the class of (homogeneous) lattices de�ned by circulant graphs isNP-hard under randomized reductions. Moreover, it remains NP-hard to �nd an approximateshortest vector in this class of lattices within a factor of p2� �, for any constant � > 0.Proof. From the second part of Lemma 10, if x is the shortest vector in L0, then the computedz satis�es �1(L) � jzj � �1 + np��1(L). It is known that it is NP-hard, under randomizedreductions, to approximate the SVP for a general (homogeneous) lattice within a factor ofp2� � for the L1-norm [24]. Hence, the NP-hardness, under randomized reductions, of the SVPfor the homogeneous case follows. It also follows that for any constant � > 0, it remains NP-hardto approximate within a factor of p2� �.
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