
Understanding and Improving the MACAlgorithmDaniel Sabin and Eugene C. FreuderDepartment of Computer Science,University of New Hampshire,Durham, NH, 03824-2604,USAAbstract. Constraint satisfaction problems have wide application inarti�cial intelligence. They involve �nding values for problem variableswhere the values must be consistent in that they satisfy restrictions onwhich combinations of values are allowed. Recent research on �nite do-main constraint satisfaction problems suggest that Maintaining Arc Con-sistency (MAC) is the most e�cient general CSP algorithm for solvinglarge and hard problems. In the �rst part of this paper we explain whymaintaining full, as opposed to limited, arc consistency during search cangreatly reduce the search e�ort. Based on this explanation, in the secondpart of the paper we show how to modify MAC in order to make it evenmore e�cient. Experimental results prove that the gain in e�ciency canbe quite important.1 IntroductionConstraint satisfaction problems (CSPs) involve �nding values for problem vari-ables subject to constraints that are restrictions on which combinations of valuesare allowed. They have many applications in arti�cial intelligence, ranging fromdesign to diagnosis, natural language understanding to machine vision.The complete description of a CSP is given by specifying the set of vari-ables, the set of potential values for each variable, called its domain, and theset of constraints. The basic solution method is backtrack search. A solution isan assignment of one value to each variable such that all the constraints aresimultaneously satis�ed.In order to improve e�ciency, very often search is interleaved with consis-tency inference (constraint propagation) which is used to prune values duringsearch. The basic pruning technique involves establishing or restoring some formof arc consistency , pruning values that become inconsistent after making searchchoices. Recent research on �nite domain CSPs suggests that Maintaining ArcConsistency (MAC) (Sabin & Freuder 1994) is the most e�cient general CSPalgorithm (Grant & Smith 1995) (Bessiere & Regin 1996). Using implementa-tions based on AC-7 or AC-Inference (Bessiere, Freuder, & Regin 1995) (Regin1995), which have a very good space and worst case running time complexity,and a new dynamic variable ordering heuristic (Bessiere & Regin 1996), MACcan solve problems which are both large and hard.



The enhanced look ahead allows MAC to make a much more informed choicein selecting the next variable and/or value, thus avoiding costly backtracks lateron during search. However, additional search savings will be o�set by the ad-ditional costs if proper care is not taken during the implementation. There aretwo sources of overhead in implementing MAC:� the cost of restoring arc consistency after a decision has been made duringsearch (either to instantiate a variable or to delete a value)� the cost of restoring the problem in the previous state in case the currentinstantiation leads to failure.Speci�cally, most of the e�ort is spent in deleting inconsistent values, duringthe propagation phase, and adding them back to the domains, after backtracking.Accordingly, this paper proposes two ways in which we can lower these costs:� Instantiate less. In the context of maintaining full arc consistency, the searchalgorithm can focus on instantiating only a subset of the original set of vari-ables, yielding a partial solution which can be extended, in a backtrack freemanner, to a complete solution. Depending on the problem's density, thesize of this subset, and thus the e�ort to �nd a solution, can be quite small.� Propagate less. Instead of maintaining the constraint network in an arc con-sistent state, we propose to maintain an equivalent state, less expensive toachieve because it requires less propagation, which is:� only partially arc consistent, but� guaranteed to extend to a fully arc consistency state.The rest of the paper is organized as follows. Section 2 presents examplesand observations that motivate the main ideas behind the two improvementsmentioned above. Section 3 discusses related work. Section 4 describes moreformally the methods we propose for improving MAC. The last section presentsexperimental evidence that proves that the gain in e�ciency can be quite large.2 Example(Grant & Smith 1995) presents a major study of the performance of MAC1 overa large range of problem sizes and topologies. The results demonstrate that thesize of the search trees is much smaller for MAC than for FC and that MACproduces backtrack-free searches over a considerably larger number of problemsacross the entire range of density/tightness values commonly used to characterizerandom problem space.If we expected MAC to do better than FC, due to its enhanced look-aheadcapabilities, our own experiments showed an unexpected result: that on problemswith low and medium constraint densities (up to 0.5 { 0.6) a static variable1 The authors describe a \weak" form of MAC; we believe that the results would havebeen even stronger if the experiments had been done with the MAC we describe inFigure 4.



ordering heuristic, instantiating variables in decreasing order of their degree inthe constraint graph, is in general more e�ective in the context of MAC thanthe popular dynamic variable ordering based on minimal domain size. In themajority of cases the gain in e�ciency was due to a lower number of backtracks,very large regions of the search space being backtrack-free.Trying to understand how can a static variable ordering be better than adynamic one is what lead us to the ideas we will present next on a couple ofexamples. We restrict our attention here to binary CSPs, where the constraintsinvolve two variables. One way of representing a binary CSP is in the form of aconstraint graph. Nodes in the graph are the CSP variables and the constraintsform the arcs.Let us now consider the example represented by the constraint graph inFigure 1a, and see what happens during the search for a solution. For the sakeof simplicity, assume that all constraints are not-equal and all domains are equalto the set fr; g; bg.
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r(a) (b)Figure 1. Sample constraint netWe are ready now to explain what we mean by instantiate less. Supposethat MAC will choose for some obscure (for now) reason, U as the �rst variableto be instantiated. After selecting value r, the algorithm will eliminate all theother values in the domain of U and will propagate the e�ects of these removals,restoring arc consistency, as shown in Figure 1b.At this point the reader can verify that no matter which variable is next in-stantiated, and no matter which value is selected for the instantiation, MAC will�nd a complete solution without having to backtrack. Furthermore, we claim thatif we had been interested only in �nding out whether the problem is satis�able ornot, the algorithm could have stopped after having successfully instantiated vari-able U and have returned an a�rmative answer. Why? Take a look at Figure 2a,which presents the state of the problem after instantiating variable U .
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r r(a) (b)Figure 2. The constraint net after instantiating variable U (a) and a completesolution (b)Intuitively, since r is the only value left in the domain of U and it supports (isconsistent with) all the values remaining in the domains of neighbor variables, itwill itself always have a support as long as these domains are not empty. U thusbecomes irrelevant for the search process trying to extend this partial solution,and we can temporarily \eliminate" from further consideration both U and allconstraints involving it.If we ignore the grayed part of the constraint net, the constraint graph be-comes a tree. This, plus the fact that every value in the domain of any variable issupported by at least one value at each neighbor (the network is arc consistent),implies that the problem is globally consistent and makes it possible to �nd acomplete solution in a backtrack-free manner, for example the one in Figure 2b.In fact, for this reason, MAC is able to �nd all the solutions involving U = rwithout having to backtrack. But what makes U so special ? If we look again tothe graph in Figure 2a, we see that{ all the cycles in the graph have one node in common, the one correspondingto variable U , and{ by eliminating this node and all the edges connected to it we obtain anacyclic graph.A set of nodes which \cut" all the cycles in a graph is called cycle cutset.In our case, the set C = f U g represents a minimal cycle cutset for the graphin Figure 2a. It is obvious that the graph obtained from the original one byeliminating the nodes in any cycle cutset and the related edges is acyclic.The observations made on the graph in our example are directly supportedby research on discrete domain CSPs (Dechter & Pearl 1988) (Freuder 1982),and are similar to the results presented in (Hyvonen 1992) in the form of thefollowing two theorems:



(1) An acyclic constraint net is globally consistent i� it is locally consistent.(2) If the variables of any cutset of a constraint net S are singleton-valued, thenS is globally consistent i� it is locally consistent.If after all the variables in some cutset are instantiated the net is locallyconsistent, we can \eliminate" these variables and their related constraints fromthe problem, as shown above. This cuts the loops and makes the constraint netacyclic. In this case, according to Theorem (1), local consistency is equivalentto global consistency. In addition, regardless of the order in which variables areinstantiated, a complete solution can be found without any backtracking. Wecan now present a �rst modi�ed version of MAC, in the form of the followingalgorithm:1. Enforce arc consistency on the constraint network. If the domain of anyvariable becomes empty, return failure2. Identify a cycle-cutset C of the constraint graph3. Instantiate all variables in C while maintaining full arc consistency in theentire constraint network. If this is not possible, return failure4. Use any algorithm to extend the partial solution obtained in step 3 to acomplete solution, in a backtrack-free manner.So far we showed that, in order to guarantee the existence of a completesolution in the context of maintaining arc consistency, it is su�cient to obtaina partial solution, by successfully instantiating only a subset of the variables,namely the cycle-cutset of the constraint graph. A simple heuristics to �nd acycle-cutset is to order the variables in decreasing order of their degree, whichexplains why this static ordering performed so well in our tests.Let us see if we can do better by propagating less. As we indicated earlier,after each modi�cation MAC tries to restore the network to an arc consistentstate. We claim that it is su�cient to bring the network to a partially arc con-sistent state only. More exactly, we need to maintain arc consistency just in partof the constraint graph, involving only some of the variables and constraints ofthe original CSP.Figure 3 presents the constraint graph of our example, in which variablesnot involved in any cycle have been grayed. Once arc consistency is established,these variables become irrelevant for the search process. If the problem is incon-sistent, none of this variables can be the source of the inconsistency. If there isa partial solution instantiating any of the normal variables in Figure 3, we areguaranteed to be able to extend it to a complete solution in a backtrack-freemanner. Therefore, they can be disconnected from the constraint network, untilwe decide whether it is possible to instantiate successfully the variable whichare left. During search the algorithm will propagate any change, and restoreconsistency accordingly, only in a (potentially small) part of the network. Thispartially arc consistent state is equivalent with the fully arc consistent state inthe sense that both lead to exactly the same set of complete solutions.
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X ZFigure 3. The constraint net after eliminating the variables in TOnce all the variables which are still part of the network are instantiated, itis enough to reconnect the variables previously disconnected and to enforce arcconsistency (or directed arc consistency) in order to obtain global consistencyand to extend the partial solution to a complete solution in a backtrack-freemanner.The two ideas, instantiate less and propagate less, can now be combinedunder the name of MACE (MAC Extended), which instantiates only a subsetof the CSP variables while maintaining only a partially arc consistent state ofthe constraint network. The gain in e�ciency is twofold. Instantiating a smallernumber of variables aims at reducing the number of backtracks (and, accordingly,the number of constraint-checks, nodes visited, values deleted, etc.). Since thevalues disconnected are not part of any cycle-cutset, and hence, will not beinstantiated in the �rst phase of the algorithm, the limited propagation impliedby the second idea does not in
uence at all the number of backtracks or nodesvisited, but reduces the number of constraint checks and values deleted.3 Related WorkThe idea of using the cycle-cutset of a constraint graph to improve the e�ciencyof CSP algorithms was used in (Dechter & Pearl 1988) as part of the cycle-cutsetmethod (CC) for improving backtracking on discrete domain CSPs. (Hyvonen1992) uses it for interval CSPs. A related idea is used in (Solotorevsky, Gudes,& Meisels 1996) for solving distributed CSPs.Dechter and Pearl's cycle-cutset method can be described by the followingscheme.1. Partition the variables into two sets: a cycle-cutset of the constraint graph,C, and T , the complement of C2. Find a(nother) solution to the problem with variables in C only, by solvingit independently. If no solution can be found, return failure



3. Remove from the domain of variables in T all values incompatible with thevalues assigned to variables in C and achieve directed arc consistency atvariables in T . If the domain of any variable becomes empty, restore allvariables in T to their original state and repeat step 24. Use a backtrack-free search for extending the partial solution found in step2 to a complete solution.The major problem with the cycle-cutset method is its potential for thrash-ing. One type of thrashing is ilustrated by the following example. Suppose thevariables in C are instantiated in the order X;Y; : : : Suppose further that thereis no value for some variable Z in T which is consistent, according to constraintCXZ , with value a for X. Whenever the solution to the cutset instantiates Xto a, step 2 will fail. Since this can happen quite often, the cycle-cutset methodcan be very ine�cient. We can eliminate this type of thrashing if we make theconstraint network arc consistent before search starts, in a preprocessing phase.A di�erent type of thrashing, which cannot be eliminated by simply prepro-cessing the constraint network, is the following. Suppose that after making thenetwork arc consistent initially, the domain of variable Z contains two values,c and d. Furthermore, value a for X supports value c on CXZ , but does notsupport d. On the other hand, value b for Y supports d and not c on CYZ . Thecycle-cutset method will discover the inconsistency only while trying to instan-tiate Z, and this failure will be repeated for each solution of the cutset probleminstantiating X to a and Y to b.Our approach maintains arc consistency during the search (in fact, it main-tains an equivalent state, as explained above). This eliminates both sources ofthrashing and leads to substantial improvements over the cycle-cutset method.4 ImplementationThe goal of our paper is to compare the performance of three algorithms: MAC,the cycle-cutset method (CC), and the new algorithm we propose, MACE.Figure 4 presents a high level description of the basic MAC algorithm.It is worth stressing the di�erences between MAC and another algorithmthat restores arc consistency arc consistency, called Really Full Lookahead (RFL)(Nadel 1988). Once the constraint network is made arc consistent initially (line1), MAC restores arc consistency after each instantiation, or forward move, (lines12{14), as RFL does, and, in addition:{ whenever an instantiation fails, MAC removes the refuted value from thedomain and restores arc consistency (lines 6{7 and 19{20);{ after each modi�cation of the network, both after instantiation and refuta-tion, MAC chooses a (possible new) variable, as well as a new value (lines 3and 16).For our experiments we implemented a slightly improved version of MAC,called MAC-7ps (Regin 1995). According to the results presented in (Bessiere,



mac ( in: V ar ; out: Sol ) return boolean1 consistent  initialize( )2 while consistent do3 (X; valx)  select( V ar, 0 )4 if solve( (X; valx), V ar n fXg, Sol, 1 ) then5 return true6 Dx  Dx n fvalxg7 consistent Dx 6= ; and propagate( V ar n fXg, 1 )28 return false2solve( in: (X; valx), V ar, Sol, level ; out: Sol ) return boolean9 Sol  Sol [ f(X; valx)g10 if level = N then11 return true12 for each a 2 Dx, a 6= valx do13 Dx  Dx n fag14 consistent  propagate( V ar, level )15 while consistent do16 (Y; valy)  select( V ar, level )17 if solve( (Y; valy), V ar n fY g, Sol, level+1 )18 return true19 Dy  Dy n fvalyg20 consistent Dy 6= ; and propagate( V ar n fY g, level )221 Sol  Sol n f(X; valx)g22 restore( level )23 return false2 Fig. 4. Generic MAC Algorithm { Top Level ProceduresFreuder, & Regin 1995), (Bessiere & Regin 1996) and (Regin 1995), MAC-7psis the best general-purpose CSP algorithm to date. It is an AC-7 based imple-mentation of the basic MAC, with one notable improvement: special treatmentof singleton variables. The idea is roughly the following. After restoring arc con-sistency, singleton variables can be disconnected temporarily from the network.The goal is to avoid studying the constraints connecting other variables to thesingletons. A detailed description of the implementation can be found in (Regin1995).MACE and CC need an algorithm to �nd a cycle-cutset. There is no knownpolynomial algorithm for �nding the minimum cycle-cutset. There are severalheuristics which yield a good cycle-cutset at a reasonable cost. The simplestsorts �rst the variables in decreasing order of their degree. Then, starting withthe variable with the highest degree, as long as the graph still has cycles, add thevariable to the cycle-cutset and remove it, together with all the edges involvingit, from the graph. Assuming that lexical ordering is used to break ties, thismethod yields for our example the cycle-cutset presented in Figure 5a. Variablesare added to the cutset in the order W , S and U . The worst case run time



complexity for this heuristic is O(ne).A smaller cutset can be obtained if, before adding a variable to the cutset,we check whether it is part of any cycle or not. For example, after removingW from the graph, S is not involved in a cycle anymore, and, with the newalgorithm, we �nd the cycle cutset in Figure 5b. The worst case time complexityfor this heuristics is O(ne). Additional work leads to an even smaller cutset. Thecutset shown in Figure 2a is obtained by a third heuristic, which determinesdynamically the number of cycles in which each variable is involved and adds tothe cutset at each step the variable participating in the most cycles. The worstcase time complexity of this heuristic is O(n2e).
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r(a) (b)Figure 5. Di�erent cycle-cutsets for the example in Figure 1We used exactly the same algorithm in implementing both CC and MACE.We performed the tests using both the second and the third heuristic presentedabove. Based on our results, the third heuristic yields slightly smaller cutsetswhich translate sometimes into small gains in e�ciency, but no major improve-ment. In the case of large problems probably the second heuristic is the bestchoice, because of its lower cost. Due to the space restriction, we report in thispaper only the results obtained using the third heuristic.The implementation of CC is straightforward. Since there is no requirementon the algorithm to solve the cutset subproblem, to keep the comparison withMACE as fair as possible, we used the basic MAC as our choice.To implement MACE, we modi�ed the algorithm in Figure 4 as follows.� After enforcing arc consistency, procedure initialize (line 1) partitions theset of variables into two sets, one of which is the cycle-cutset C. Disconnectfrom the constraint network all variables which are not involved in any cycleand add them to the set of disconnected variables, U .� Restrict procedure select (lines 3 and 16) to choose only from among vari-ables in C.



� Whenever a variable becomes a singleton disconnect it from the network andadd it to U . If this makes other variables \cycle-free", disconnect them andadd them to U as well. Continue this process until no more variables can bedisconnected.� Once all variables in C have been successfully instantiated, reconnect allvariables in U and eliminate from their domains all values incompatible withthe values assigned to variables in the cutset. Enforce directed arc consistencywith respect to some width-1 order on the problem containing only variablesin the complement of C and conduct a backtrack-free search for a completesolution.5 ExperimentsWe tested our approach on random binary CSPs described by the usual fourparameters: number of variables, domain size, constraint density and constrainttightness. We generate only connected constraint graphs (connected componentsof unconnected components can be solved independently). Therefore the numberof edges for a graph with n vertices is at least n� 1 (for a tree, density=0) andat most n(n� 1)=2 (for a complete graph, density=1). Constraint density is thefraction of the possible constraints beyond the minimumn�1, that the problemhas. Thus, for a problem with constraint density D and n variables, the exactnumber of constraints that the problem has is bn � 1 +D(n � 1)(n� 2)=2c.Constraint tightness is de�ned as the fraction of all possible pairs of valuesfrom the domains of two variables, that are not allowed by the constraint. So,for a domain size of d and a constraint tightness of t, the exact number of pairsallowed by the constraint is b(1 � t)d2c.The tests we conducted addressed the problem of �nding a single solution to aCSP (or determining that no solution exists). We ran three sets of experimentson hard random problems problems, situated on the ridge of di�culty in thedensity/tightness space.For the �rst two sets we generated problems with 20 variables and domainsize of 20. The density of the constraint graph varies between 0.05 and 0.95, witha step of 0.05, while the tightness varies between Tcrit � 0:08 and Tcrit + 0:08,with a step of 0.01. For each pair of values (density, tightness) we generated 10instances of random problems, which gives us roughly a total of 3,200 problemsper set.The problems in the third set have 40 variables and domain size of 20. Weexpected the problems in this set to be much harder than the ones in the previoussets. Therefore the constraint density varies only between 0.05 and 0.30. Thetightness varies between Tcrit � 0:08 and Tcrit + 0:08, with a step of 0.01. Wegenerated again 10 instances of random problems for each (density, tightness)pair, which gives us almost 1,000 problems for this set.We present the results of the experiments using two types of plots. One typerepresents, on the same graph, the performance of two algorithms in terms ofconstraint checks, as a function of tightness. Due to space restrictions, the results



from di�erent sets of problems, with di�erent densities, are ploted on the samegraph (e.g. Figure 6).The second type of plots represents the ratio between the performance of twoalgorithms as a function of tightness, in the form of a set of points. Again, resultsfrom di�erent sets of problems, with di�erent densities, are ploted on the samegraph. Each point on the graph represents the average over the 10 problemsgenerated for the corresponding (density, tightness) pair (e.g. Figure 8).It is very important what measure is used to judge the performance of algo-rithms. The usual measure in the literature is the number of constraint checksperformed by an algorithm during the search for a solution. Whenever establish-ing that a value a for a variable X is consistent with a value b for a variable Y , asingle consistency check is counted. Constraint checks are environment indepen-dent, but are highly dependent on the e�ciency of the implementation. In ourcase, since we use more or less the same implementation for all the algorithms,we choose this measure as being representative for the search e�ort.We ran experiments comparing the performance of three algorithms: thecycle-cutset method, MAC-7ps and MACE. All algorithms used the dynamicvariable ordering heuristic proposed in (Bessiere & Regin 1996), choosing vari-ables in increasing order of the ratio between domain size and degree.The �rst set of experiments compares the performance of the cycle-cutsetmethod and MACE on the �rst set of test problems. Figure 6 shows the relativeaverage performance of the algorithms in terms of constraint checks.As we can see, MACE outperforms substantially the cycle-cutset method onproblems with densities up to 0.90{0.95, when they have approximately the sameperformance. The size of the cycle-cutset varies almost liniarly with the density,from 3 for density 0.05 to almost 18 for density 0.95. For problems in the highdensity area the cutset is almost the entire set of variables (this are 20-variableproblems) and therefore the behavior of the two algorithms is almost identical.
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only in the very sparse region, by discovering the arc inconsistent problems. Onthe rest of the problems the preprocessing had practically no e�ect.
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behaviors, MACE being still slightly better than MAC-7ps on average.
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on problems with 40 variables, using the third set of random problems. Figure 11shows again the relative average performance of the two algorithms in terms ofconstraint checks, while Figure 12 presents the same data, but in the form of theratio between the number of constraint checks for MAC-7ps and MACE. Bothplots show again that MACE outperforms MAC-7ps signi�cantly. The data alsosuggests that MACE scales well, the relative gain in e�ciency increasing as theproblems become larger.
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