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Abstract. Many modern applications store and process datasets much
larger than the main memory of even state-of-the-art high-end machines.
Thus massive and dynamically changing datasets often need to be stored
in data structures on external storage devices, and in such cases the
Input/Output (or I/O) communication between internal and external
memory can become a major performance bottleneck. In this paper we
survey recent advances in the development of worst-case I/O-efficient
external memory data structures.

1 Introduction

Many modern applications store and process datasets much larger than the main
memory of even state-of-the-art high-end machines. Thus massive and dynami-
cally changing datasets often need to be stored in space efficient data structures
on external storage devices such as disks, and in such cases the Input/Output
(or I/O) communication between internal and external memory can become a
major performance bottleneck. Many massive dataset applications involve ge-
ometric data (for example, points, lines, and polygons) or data which can be
interpreted geometrically. Such applications often perform queries which corre-
spond to searching in massive multidimensional geometric databases for objects
that satisfy certain spatial constraints. Typical queries include reporting the ob-
jects intersecting a query region, reporting the objects containing a query point,
and reporting objects near a query point.

While development of practically efficient (and ideally also multi-purpose)
external memory data structures (or indezes) has always been a main concern
in the database community, most data structure research in the algorithms com-
munity has focused on worst-case efficient internal memory data structures. Re-
cently, however, there has been some cross-fertilization between the two areas. In
this paper we survey recent advances in the development of worst-case efficient
external memory data structures. We will concentrate on data structures for
geometric problems—especially the important one- and two-dimensional range
searching problems—but mention other structures when appropriate. A more
comprehensive discussion can be found in a recent survey by the author [16].
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Model of computation. Accurately modeling memory and disk systems is a
complex task [131]. The primary feature of disks we want to model is their ex-
tremely long access time relative to that of internal memory. In order to amortize
the access time over a large amount of data, typical disks read or write large
blocks of contiguous data at once and therefore the standard two-level disk model
has the following parameters [13,153,104]:

N = number of objects in the problem instance;
T = number of objects in the problem solution;
M = number of objects that can fit into internal memory;

B = number of objects per disk block;

where B < M < N. An I/0 operation (or simply 1/0) is the operation of reading
(or writing) a block from (or into) disk. Refer to Figure 1. Computation can only
be performed on objects in internal memory. The measures of performance in
this model are the number of I/Os used to solve a problem, as well as the amount
of space (disk blocks) used and the internal memory computation time.

Several authors have considered more accurate and complex multi-level mem-
ory models than the two-level model. An increasingly popular approach to in-
crease the performance of I/O systems is to use several disks in parallel so work
has especially been done in multi disk models. See e.g. the recent survey by
Vitter [151]. We will concentrate on the two-level one-disk model, since the data
structures and data structure design techniques developed in this model often
work well in more complex models. For brevity we will also ignore internal com-
putation time.

Outline of paper. The rest of this paper is organized as follows. In Section 2
we discuss the B-tree, the most fundamental (one-dimensional) external data
structure, as well as recent variants and extensions of the structure, and in
Section 3 we discuss the so-called buffer trees. In Section 4 we illustrate some
of the important techniques and ideas used in the development of provably I/O-
efficient data structures for higher-dimensional problems through a discussion
of the external priority search tree for 3-sided planar range searching. We also
discuss a general method for obtaining a dynamic data structure from a static
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Fig. 1. Disk model; An I/O moves B contiguous elements between disk and main
memory (of size M).




one. In Section 5 we discuss data structures for general (4-sided) planar range
searching, and in Section 6 we survey results on external data structures for
interval management, point location, range counting, higher-dimensional range
searching, halfspace range searching, range searching among moving points, and
proximity queries. Several of the worst-case efficient structures we consider are
simple enough to be of practical interest. Still, there are many good reasons
for developing simpler (heuristic) and general purpose structures without worst-
case performance guarantees, and a large number of such structures have been
developed in the database community. Even though the focus of this paper is on
provably worst-case efficient data structures, in Section 7 we give a short survey
of some of the major classes of such heuristic-based structures. The reader is
referred to recent surveys for a more complete discussion [12,85,121]. Finally,
in Section 8 we discuss some of the efforts which have been made to implement
the developed worst-case efficient structures.

2 B-trees

The B-tree is the most fundamental external memory data structure, corre-
sponding to an internal memory balanced search tree [35,63,104,95]. It uses
linear space O(N/B) disk blocks and supports insertions and deletions in
O(logg N) I/0s. One-dimensional range queries, asking for all elements in the
tree in a query interval [g1, ¢2], can be answered in O(logg N + T/B) 1/Os.

The space, update, and query bounds obtained by the B-tree are the bounds
we would like to obtain in general for more complicated problems. The bounds
are significantly better than the bounds we would obtain if we just used an
internal memory data structure and virtual memory. The O(N/B) space bound
is obviously optimal and the O(loggy N + T'/B) query bound is optimal in a
comparison model of computation. Note that the query bound consists of an
O(logg N) search-term corresponding to the familiar O(log N) internal memory
search-term, and an O(T'/B) reporting-term accounting for the O(T/B) I/Os
needed to report 7' elements. Recently, the above bounds have been obtained
for a number of problems (e.g [30,26,149,5,47,87]) but higher lower bounds
have also been established for some problems [141,26, 93,101,106, 135,102]. We
discuss these results in later sections.

B-trees come in several variants, like B and B* trees (see e.g. [35,63,95, 30,
104, 3] and their references). A basic B-tree is a @(B)-ary tree (with the root
possibly having smaller degree) built on top of @(N/B) leaves. The degree of
internal nodes, as well as the number of elements in a leaf, is typically kept in
the range [B/2...B] such that a node or leaf can be stored in one disk block.
All leaves are on the same level and the tree has height O(logg N) refer to
Figure 2. In the most popular B-tree variants, the N data elements are stored
in the leaves (in sorted order) and each internal node holds @(B) “routing” (or
“splitting”) elements used to guide searches.

To answer a range query [qi,¢2] on a B-tree we first search down the tree
for ¢; and g2 using O(logy N) I/Os, and then we report the elements in the
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Fig. 2. B-tree; All internal nodes (except possibly the root) have fan-out ©(B) and
there are ©(N/B) leaves. The tree has height O(log; N).

O(T'/B) leaves between the leaves containing ¢; and ¢g2. We perform an insertion
in O(logg N) 1/0s by first searching down the tree for the relevant leaf I. If there
is room for the new element in [ we simply store it there. If not, we split | into two
leaves I’ and " of approximately the same size and insert the new element in the
relevant leaf. The split of [ results in the insertion of a new routing element in the
parent of [, and thus the need for a split may propagate up the tree. Propagation
of splits can often be avoided by sharing some of the (routing) elements of the
full node with a non-full sibling. A new (degree 2) root is produced when the
root splits and the height of the tree grows by one. Similarly, we can perform
a deletion in O(logg N) I/Os by first searching for the relevant leaf | and then
removing the deleted element. If this results in [ containing too few elements we
either fuse it with one of its siblings (corresponding to deleting ! and inserting
its elements in the sibling), or we perform a share operation by moving elements
from a sibling to I. As splits, fuse operations may propagate up the tree and
eventually result in the height of the tree decreasing by one.

B-tree variants and extensions. Recently, several important variants and
extensions of B-trees have been considered.

Arge and Vitter [30] developed the weight-balanced B-trees, which can be
viewed as an external version of BB[a] trees [120]. Weight-balanced B-trees are
very similar to B-trees but with a weight constraint imposed on each node in
the tree instead of a degree constraint. The weight of a node v is defined as
the number of elements in the leaves of the subtree rooted in v. Like B-trees,
weight-balanced B-trees are rebalanced using split and fuse operations, and a
key property of weight-balanced B-trees is that after performing a rebalance
operation on a weight ©@(w) node v, £2(w) updates have to be performed below
v before another rebalance operation needs to be performed on ». This means
that an update can still be performed in O(logg N) I/Os (amortized) even if
v has a large associated secondary structure that needs to be updated when a
rebalance operation is performed on v, provided that the secondary structure can
be updated in O(w) I/0s. Weight-balanced B-trees have been used in numerous
efficient data structure (see e.g. [30,26, 89,90, 38, 3, 28]).

In some applications we need to be able to traverse a path in a B-tree from a
leaf to the root. To do so we need a parent-pointer from each node to its parent.



Such pointers can easily be maintained efficiently in normal B-trees or weight-
balanced B-trees, but cannot be maintained efficiently if we also want to support,
divide and merge operations. A divide operation at element z constructs two
trees containing all elements less than and greater than z, respectively. A merge
operation performs the inverse operation. Without parent pointers, B-trees and
weight-balanced B-trees supports the two operations in O(logg N) I/Os. Agar-
wal et al. [3] developed the level-balance B-trees in which divide and merge
operations can be supported I/O-efficiently while maintaining parent pointers.
In level-balanced B-trees a global balance condition is used instead of the lo-
cal degree or weight conditions used in B-trees or weight-balanced B-trees; a
constraint is imposed on the number of nodes on each level of the tree. When
the constraint is violated the whole subtree at that level and above is rebuilt.
Level-balanced B-trees e.g. have applications in dynamic maintenance of planar
st-graphs [3].

Partial persistent B-trees, that is, B-trees where each update results in a
new version of the structure, and where both the current and older versions can
be queried (in the database community often called multiversion B-trees), are
useful not only in database applications where previous versions of the database
needs to be stored and queried, but (as we will discuss in Section 4) also in the
solution of many geometric problems. Using standard persistent techniques [137,
70], a persistent B-tree can be designed such that updates can be performed
in O(logg N) I/Os and such that any version of the tree can be queried in
O(logg N + T/B) 1/0Os. Here N is the number of updates and the tree uses
O(N/B) disk blocks [36,147].

In string applications a data element (string of characters) can often be arbi-
trarily long or different elements can be of different length. Such elements cannot
be manipulated efficiently in standard B-trees, which assumes that elements (and
thus routing elements) are of unit size. Ferragina and Grossi developed the el-
egant string B-tree where a query string ¢ is routed through a node using a
so-called blind trie data structure [78]. A blind trie is a variant of the compacted
trie [104,117], which fits in one disk block. In this way a query can be answered
in O(logg N + |q|/B) I/O. See [64,80,77,20] for other results on string B-trees
and external string processing.

3 Buffer trees

In internal memory, an N element search tree can be constructed in optimal
O(N log N) time simply by inserting the elements one by one. This construction
algorithm can also be used as on optimal sorting algorithm. In external memory,
we would use O(Nlogg N) I/0s to build a B-tree using the same method. In-
terestingly, this is not optimal since Aggarwal and Vitter showed that sorting N
elements in external memory takes @(% log s, %) I/0s [13]. We can of course
build a B-tree in the same bound by first sorting the elements and then building
the tree level-by-level bottom-up.



In order to obtain an optimal sorting algorithm based on a search tree struc-
ture, we would need a structure that supports updates in O(% logar/p X) 1/O0s.
The inefficiency of the B-tree sorting algorithm is a consequence of the B-tree
being designed to be used in an “on-line” setting where queries should be an-
swered immediately—updates and queries are handled on an individual basis.
This way we are not able to take full advantage of the large internal memory.
It turns out that in an “off-line” environment where we are only interested in
the overall I/O use of a series of operations and where we are willing to relax
the demands on the query operations, we can develop data structures on which
a series of N operations can be performed in O(% logn &) 1/0s in total. To
do so we use the buffer tree technique developed by Arge [14].

Basically the buffer tree is just a fan-out ©(M/B) B-tree where each internal
node has a buffer of size ©(M). The tree has height O(logy, X); refer to
Figure 3. Operations are performed in a “lazy” manner: In order to perform an
insertion we do not (like in a normal B-tree) search all the way down the tree for
the relevant leaf. Instead, we wait until we have collected a block of insertions
and then we insert this block in the buffer of the root (which is stored on disk).
When a buffer “runs full” its elements are “pushed” one level down to buffers
on the next level. We can do so in O(M/B) I/0s since the elements in the
buffer fit in main memory and the fan-out of the tree is O(M/B). If the buffer
of any of the nodes on the next level becomes full by this process, the buffer-
emptying process is applied recursively. Since we push @ (M) elements one level
down the tree using O(M/B) I/0s (that is, we use O(1) I/Os to push one block
one level down), we can argue that every block of elements is touched a constant
number of times on each of the levels of the tree. Thus, not counting rebalancing,
inserting N elements requires O(% logar/ ) 1/0s in total, or O(% logar/ x)
amortized. Arge showed that rebalancing can be handled in the same bound [14].

The basic buffer tree supporting insertions only can be used to construct a B-
trees in O(% logar/p 2) 1/0Os (without explicitly sorting). This of course means
that buffer trees can be used to design an optimal sorting algorithm. Note that
unlike other sorting algorithm, the N elements to be sorted do not all need to
be given at the start of this algorithm. Deletions and (one-dimensional) range
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Fig. 3. Buffer tree; Fan-out M /B tree where each node has a buffer of size M. Oper-
ations are performed in a lazy way using the buffers.



queries can also be supported I/O-efficiently using buffers [14]. The range queries
are batched in the sense that we do not obtain the result of a query immediately.
Instead parts of the result will be reported at different times as the query is
pushed down the tree. This means that the data structure can only be used
in algorithms where future updates and queries do not depend on the result of
the queries. Luckily this is the case in many plane-sweep algorithms [73,14]. In
general, problems where the entire sequence of updates and queries is known in
advance, and the only requirement on the queries is that they must all eventually
be answered, are known as batched dynamic problems [73].

As mentioned, persistent B-trees are often used in geometric data structures.
Often, a data structure is constructed by performing IV insertion and deletions
on an initially empty persistent B-tree, and then the resulting (static) structure
is used to answer queries. Using the standard update algorithms the construction
would take O(N logy N) I/Os. A straightforward application of the buffer tree
technique improves this to the optimal O(% lognr/ ) 1/0s [145,21] (another
optimal, but not linear space, algorithm can be designed using the distribution-
sweeping technique [86]). Several other data structures can be constructed ef-
ficiently using buffers, and the buffer tree technique has been used to develop
several other data structures which in turn have been used to develop algorithms
in many different areas [25,29,20,21,107,15, 76,46, 144, 145,96, 44, 136].

Priority queues. External buffered priority queues have been extensively re-
searched because of their applications in graph algorithms. Arge showed how to
perform deletemin operations on a basic buffer tree in amortized O(% logys/ 5 %)
I/Os [14]. Note that in this case the deletemin occurs right away, that is, it is
not batched. This is accomplished by periodically computing the O(M) small-
est elements in the structure and storing them in internal memory. Kumar and
Schwabe [107] and Fadel et al. [76] developed similar buffered heaps. Using a
partial rebuilding idea, Brodal and Katajainen [45] developed a worst-case effi-
cient external priority queue. Using the buffer tree technique on a tournament
tree, Kumar and Schwabe [107] developed a priority queue supporting update
operations in O(% log &) I/0s. They also showed how to use their structure
in several efficient external graph algorithms (see e.g [2,7,18,22,27,46,59,81,
97,107,110,111,116, 118,122,142, 156] for other results on external graph algo-
rithms and data structures). Note that if the priority of an element is known,
an update operation can be performed in O(% log %) I/0Os on a buffer tree
using a delete and an insert operation.

4 3-sided planar range searching

In internal memory many elegant data structures have been developed for higher-
dimensional problems like range searching—see e.g. the recent survey by Agarwal
and Erickson [12]. Unfortunately, most of these structures are not efficient when
mapped directly to external memory—mainly because they are normally based
on binary trees. The main challenge when developing efficient external structures



is to use B-trees as base structures, that is, to use multiway trees instead of binary
trees. Recently, some progress has been made in the development of provably
I/O-efficient data structures based on multi-way trees. In this section we consider
a special case of two-dimensional range searching, namely the 3-sided planar
range searching problem: Given a set of points in the plane, the solution to a
3-sided query (q¢1, g2, q3) consists of all points (z,y) with ¢1 <z < g2 and y > gs.
The solution to this problem is not only an important component of the solution
to the general planar range searching problem we discuss in Section 5, but it
also illustrate many of the techniques and ideas utilized in the development of
other external data structures.

The static version of the 3-sided problem where the points are fixed can easily
be solved I/O-efficiently using a sweeping idea and a persistent B-tree; consider
sweeping the plane with a horizontal line from y = co to y = —o0 and inserting
the z-coordinate of points in a persistent B-tree as they are met. To answer a
query (qi1,q2,q3) we simply perform a one-dimensional range query [g1, 2] on
the version of the persistent B-tree we had when the sweep-line was at y = g¢3.
Following the discussion in Section 2, the structure obtained this way uses linear
space and queries can be answered in O(logg N +7T/B) I/Os. The structure can
be constructed in O(% log &) 1/0s using the buffer tree technique.

From the static solution we can obtain a linear space dynamic structure which
answers a query in O(logh N + T/B) 1/Os and can be updated in O(logh N)
I/Os using an external version of the logarithmic method for transforming a static
structure into a dynamic structure [39,125]. This technique was developed by
Arge and Vahrenhold as part of the design of a dynamic external planar point
location structure (See Section 6). Due to its general interest, we describe the
technique in Section 4.1 below. An optimal O(logg N) query structure can be
obtained in a completely different way, and we discuss this result in Section 4.2.

4.1 The logarithmic method

In internal memory, the main idea in the logarithmic method is to partition
the set of N elements into log N subsets of exponentially increasing size 2¢, i =
0,1,2,..., and build a static structure D; for each of these subsets. Queries are
then performed by querying each D; and combining the answers, while insertions
are performed by finding the first empty D;, discarding all structures D;, j < i,
and building D; from the new element and the f;é 2! = 2 — 1 elements in the
discarded structures.

To make the logarithmic method I/ O-efficient we need to decrease the number
of subsets to logz N, which in turn means increasing the size of D; to B'. When
doing so Dj, j < i, does not contain enough objects to build D; (since 1 +

;;[1) B! < B?). However, it turns out that if we can build a static structure
I/O-efficiently enough, this problem can be resolved and we can make a modified
version of the method work in external memory.

Consider a static structure D that can be constructed in O(% logy N) I/0s
and that answers queries in O(logz N) 1/Os (note that O(% log Xy =
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Fig. 4. Logarithmic method; log z IV structures—0D; contains less than B_i—l—l elements.
Dy, Ds,...,D; do not contain enough elements to build D;j41 of size B,

O(%logg N) if M > B?). We partition the N elements into logg N sets such
that the ith set has size less than B' + 1 and construct an external memory
static data structure D; for each set—refer to Figure 4. To answer a query, we
simply query each D; and combine the results using O(Z;l):nglogB ID;]) =
O(log N) 1/0s. We perform an insertion by finding the first structure D;
such that Z;Zl |D;| < B, discarding all structures D;, j < i, and building
a new D; from the elements in these structures using O((B'/B)logg B') =
O(B* 'logg N) I/0s. Now because of the way D; was chosen, we know that
Z;;ll 'D;| > B~!. This means that at least B'~! objects are moved from lower
indexed structures to D;. If we divide the D; construction cost between these
objects, each object is charged O(loggy N) I/Os. Since an object never moves
to a lower indexed structure we can at most charge it O(logg N) times during
N insertions. Thus the amortized cost of an insertion is O(loggy N) 1/0s. Note
that the key to making the method work is that the factor of B we lose when
charging the construction of a structure of size B to only B*~! objects is off-
set by the 1/B factor in the construction bound. Deletions can also be handled
I/O-efficiently using a global rebuilding idea.

4.2 Optimal dynamic structure

Following several earlier attempts [101,127, 141,43, 98], Arge et al. [26] developed
an optimal dynamic structure for the 3-sided planar range searching problem.
The structure is an external version of the internal memory priority search tree
structure [113]. The external priority search tree consists of a base B-tree on the
x-coordinates of the N points. A range X, (containing all points below v) can be
associated with each node v in a natural way. This range is subdivided into ©(B)
subranges associated with the children of v. For illustrative purposes we call the
subranges slabs. In each node v we store O(B) points for each of v’s @(B) children
v;, namely the B points with the highest y-coordinates in the z-range of v; (if
existing) that have not been stored in ancestors of v. We store the O(B?) points
in the linear space static structure discussed above (the “O(B?)-structure”) such
that a 3-sided query on them can be answered in O(logz B>+7/B) = O(1+T/B)



I/Os. Since every point is stored in precisely one O(B?) structure, the structure
uses O(N/B) space in total.

To answer a 3-sided query (q1,q¢2,q3) we start at the root of the external
priority search tree and proceed recursively to the appropriate subtrees; when
visiting a node v we query the O(B?)-structure and report the relevant points,
and then we advance the search to some of the children of v. The search is
advanced to child v; if v; is either along the leftmost search path for ¢; or the
rightmost search path for g, or if the entire set of points corresponding to v;
in the O(B?) structure were reported refer to Figure 5. The query procedure
reports all points in the query range since if we do not visit child v; corresponding
to a slab completely spanned by the interval [q, g2], it means that at least one
of the points in the O(B?)-structure corresponding to v; does not satisfy the
query. This in turn means that none of the points in the subtree rooted at v;
can satisfy the query. That we use O(logg N +7/B) I/Os to answer a query can
be seen as follows. In every internal node v visited by the query procedure we
spend O(1+ T, /B) 1/0s, where T, is the number of points reported. There are
O(logg N) nodes visited on the search paths in the tree to the leaf containing
¢1 and the leaf containing ¢, and thus the number of I/Os used in these nodes
adds up to O(logg N + T'/B). Each remaining visited internal node v is not on
the search path but it is visited because @(B) points corresponding to it were
reported when we visited its parent. Thus the cost of visiting these nodes adds up
to O(T'/B), even if we spend a constant number of I/Os in some nodes without
finding ©(B) points to report.

To insert a point p = (x,y) in the external priority search tree we search
down the tree for the leaf containing z, until we reach the node v where p needs
to be inserted in the O(B?) structure. The O(B?) structure is static but since
it has size O(B?) we can use a global rebuilding idea to make it dynamic [125];
we simply store the update in a special “update block” and once B updates have
been collected we rebuild the structure using O(% log %) I/Os. Assuming
M > B2, that is, that the internal memory is capable of holding B blocks,
this is O(B) and we obtain an O(1) amortized update bound. Arge et al. [26]
showed how to make this worst-case, even without the assumption on the main
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Fig. 5. Internal node v with children vi, v, ..., vs. The points in bold are stored in

the O(B?) structure. To answer a 3-sided query we report the relevant of the O(B?)
points and answer the query recursively in w2, vs, and vs. The query is not extended
to v4 because not all of the points from v4 in the O(B?)-structure satisfy the query.



memory size. Insertion of p in v (may) result in the O(B?) structure containing
one too many points from the slab corresponding to the child »; containing x.
Therefore, apart from inserting p in the O(B?) structure, we also remove the
point p' with the lowest y-coordinate among the points corresponding to v;. We
insert p' recursively in the tree rooted in v;. Since we use O(1) I/Os in each of
the nodes on the search path, the insertion takes O(logz N) I/Os. We also need
to insert z in the base B-tree. This may result in split and/or share operations
and each such operation may require rebuilding an O(B?) structure (as well
as movement of some points between O(B?)-structures). Using weight-balanced
B-tress, Arge et al. [26] showed how the rebalancing after an insertion can be
performed in O(logg N) I/Os worst case. Deletions can be handled in O(logg N)
I/Os in a similar way [26].

The above solution to the 3-sided planar range searching problem illustrates
some of the problems encountered when developing I/O-efficient dynamic data
structures, as well as the techniques commonly used to overcome these problems.
As already discussed, the main problem is that in order to be efficient, external
tree data structures need to have large fan-out. In the above example this resulted
in the need for what we called the O(B?) structure. This structure solved a static
version of the problem on O(B?) points. The structure was necessary since to
“pay” for a visit to a child node v;, we needed to find @(B) points in the slab
corresponding to v; satisfying the query. The idea of charging some of the query
cost to the output size is often called filtering [51], and the idea of using a static
structure on O(B?) elements in each node has been called the bootstrapping
paradigm [151,152]. Finally, the ideas of weight-balancing and global rebuilding
were used to obtain worst-case efficient update bounds. All these ideas have been
used in the development of other efficient external data structures.

5 General planar range searching

After discussing 3-sided planar range searching we are now ready to consider
general planar range searching; given a set of points in the plane we want to
be able to find all points contained in a query rectangle. While linear space
and O(logg N + T'/B) query structures exist for special cases of this problem
like the 3-sided problem described in Section 4 Subramanian and Ramaswamy
showed that one cannot obtain an O(logg N +T'/B) query bound using less than
@(%) disk blocks [141]." This lower bound holds in a natural external
memory version of the pointer machine model [53]. A similar bound in a slightly
different model where the search component of the query is ignored was proved
by Arge et al. [26]. This indexability model was defined by Hellerstein et al. [93]
and considered by several authors [101, 106, 135].

Based on a sub-optimal but linear space structure for answering 3-sided
queries, Subramanian and Ramaswamy developed the P-range tree that uses

optimal O(%) space but uses more than the optimal O(logy N +T/B)

! In fact, this bound even holds for a query bound of O(log% N +T/B) for any constant
c.



I/Os to answer a query [141]. Using their optimal structure for 3-sided queries,
Arge et al. obtained an optimal structure [26]. We discuss the structure in Sec-
tion 5.1 below. In practical applications involving massive datasets it is often
crucial that external data structures use linear space. We discuss this further
in Section 7. Grossi and Italiano developed the elegant linear space cross-tree
data structure which answers planar range queries in O(1/N/B+T/B) 1/Os [89,
90]. This is optimal for linear space data structures as e.g. proven by Kanth
and Singh [102]. The O-tree of Kanth and Singh [102] obtains the same bounds
using ideas similar to the ones used by van Kreveld and Overmars in divided k-d
trees [146]. In Section 5.2 below we discuss the cross-tree further.

5.1 Logarithmic query structure

The O(logg N + T'/B) query data structure is based on ideas from the corre-
sponding internal memory data structure due to Chazelle [51]. The structure
consists of a fan-out logy N base tree over the z-coordinates of the N points.
As previously an x-range is associated with each node v and it is subdivided
into logg N slabs by v’s children vy, va,. .., v0g, v. We store all the points in
the z-range of v in four secondary data structures associated with v. The first
structure store the points in a linear list sorted by y-coordinate. The three other
structures are external priority search trees. Two of these structures are used
for answering 3-sided queries with the opening to the left and to the right,
respectively. For the third priority search tree, we consider for each child wv;
the points in the z-range of v; in y-order, and for each pair of consecutive
points (z1,y1) and (x2,y2) we store the point (y1,ys) in the tree. With each
constructed point we also store pointers to the corresponding two original point
in the sorted list of points in a child node. Since we use linear space on each of the
O(logyeg,, n(N/B)) = O(log(N/B)/loglog N) levels of the tree, the structure

uses O(%) disk blocks in total.

To answer a 4-sided query ¢ = (g1, ¢2, g3, g4) we first find the topmost node v
in the base tree where the x-range [g1,¢2] of the query contains a boundary
between two slabs. Consider the case where ¢; lies in the z-range of v; and ¢
lies in the z-range of v;—refer to Figure 6. The query ¢ is naturally decomposed
into three parts, consisting of a part in v;, a part in v;, and a part completely
spanning nodes vy, for i < k < j. The points contained in the first two parts can
be found in O(logg N +7'/B) I/Os using the right opening priority search tree in
v; and the left opening priority search tree in v;. To find the points in the third
part we query the third priority search tree associated with v with (—o0, g2, g2),
that is, we find all points (y1,y2) in the structure with y1 < g2 and yo > ¢o.
Since a point (y1,y2) corresponds to a consecutive pair (z1,y1) and (x2,y2) of
the original points in a slab, we in this way obtain the O(logg N) bottommost
point contained in the query for each of the nodes v;i1, viy2,...,v;_1. Using
the pointers to the same points in these children nodes, we then traverse the
j—1—1= O(logg N) relevant sorted lists and output the remaining points
using O(logg N +T'/B) 1/0s.



logg N

a4 N

§§§k§;

a1 a3

22777777

a2

Fig. 6. The slabs corresponding
to a node v in the base tree. To
answer a query (qi,q2,q3,q4) we
need to answer 3-sided queries on
the points in slab v; and slab v,
and a range query on the points

N/B

NN

AN

a2

=

points a1 a3
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basic squares completely covered
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in the O(log; N) slabs between v;
and v;.

To insert or delete a point, we need to perform O(1) updates on each of the
O(log(N/B)/loglogy N) levels of the base tree. Each of these updates takes
O(logg N) I/Os. We also need to update the base tree. Using a weight-balanced
B-tree, Arge et al. showed how this can be done in O((logg N)(log %)/ loglogg N)
I/0s [26].

5.2 Linear space structure

The linear space cross-tree structure of Grossi and Italiano consists of two lev-
els [89,90]. The lower level partitions the plane into @(y/N/B) vertical slabs
and ©(y/N/B) horizontal slabs containing ©(v NB) points each, forming an
irregular grid of @(N/B) basic squares refer to Figure 7. Each basic square
can contain between 0 and /N/B points. The points are grouped and stored
according to the vertical slabs—points in vertically adjacent basic squares con-
taining less than B points are grouped together to form groups of ©(B) points
and stored in blocks together. The points in a basic square containing more than
B points are stored in a B-tree. Thus the lower level uses O(N/B) space. The
upper level consists of a linear space search structure which can be used to de-
termine the basic square containing a given point—for now we can think of the
structure as consisting of a fan-out v/B B-tree Ty on the /N/B vertical slabs
and a separate fan-out /B B-tree Tu on the \/N/B horizontal slabs.

In order to answer a query (¢1, g2, g3, ¢4) we use the upper level search tree to
find the vertical slabs containing ¢; and g3 and the horizontal slabs containing
q2 and g4 using O(log 5 N) = O(logy N) 1/Os. We then explicitly check all
points in these slabs and report all the relevant points. In doing so we use

O(VNB/B) = O(y/N/B) 1/0s to traverse the vertical slabs and O(vVNB/B +



VN/B) = O(y/N/B) 1/0s to traverse the horizontal slabs (the y/N/B-term in
the latter bound is a result of the slabs being blocked vertically a horizontal slab
contains y/N/B basic squares). Finally, we report all points corresponding to
basic squares fully covered by the query. To do so we use O(y/N/B+T/B) I/0Os
since the slabs are blocked vertically. In total we answer a query in O(/N/B +
T/B) 1/0s.

In order to perform an update we need to find and update the relevant basic
square. We may also need to split slabs (insertion) or merge slabs with neighbor
slabs (deletions). In order to do so efficiently while still being able to answer a
range query I/O-efficiently, the upper level is actually implemented using a cross-
tree Tgv. Tev can be viewed as a cross product of 7y and Tg: For each pair of
nodes u € Ty and v € Ty on the same level we have a node (u, v) in Tyv, and for
each pair of edges (u,u') € Ty and (v,v") € Ty we have an edge ((u,v), (u',v"))
in Tyy. Thus the tree has fan-out O(B) and uses O((y/N/B)?*) = O(N/B)
space. Grossi and Italiano showed how we can use the cross-tree to search for
a basic square in O(logg N) I/Os and how the full structure can be used to
answer a range query in O(y/N/B +T/B) I/0s [89,90]. They also showed that
if Ty and Ty are implemented using weight-balanced B-trees, the structure can
be maintained in O(logg N) I/Os during an update.

6 Survey of other external data structures

After having discussed planar range searching is some detail, in this section we
survey other results on worst-case efficient external data structures.

Interval management. The interval management (or stabbing query) problem
is the problem of maintaining a dynamically changing set of (one-dimensional)
intervals such that given a query point ¢ all intervals containing ¢ can be reported
efficiently. By mapping each interval [z,y] to the point (z,y) in the plane, a
query corresponds to finding all points such that = < ¢ and y > ¢, which means
that the external priority search tree describe in Section 4.2 can be used to
solve this problem optimally. However, the problem was first solved optimally
by Arge and Vitter [30], who developed an external version of the interval tree
of Edelsbrunner [71, 72].

The external interval tree was the first to use several of the ideas also utilized
in the external priority search tree; filtering, bootstrapping, and weight-balanced
B-trees. The structure also utilized the notion of multislabs, which is useful
when storing objects (like intervals) with a spatial extent. Recall that a slab
is a subranges of the range associated with a node v of a base tree defined
by the range of one of v’s children. A multislabs is simply a contiguous sets
of slabs. A key idea in the external interval tree is to decrease the fanout of
the base tree to v/B, maintaining the O(logg N) tree height, such that each
node has O(y/(B)?) = O(B) associated multislabs. This way a constant amount
of information can be stored about each multislab in O(1) blocks. Similar ideas
have been utilized in several other external data structures [14, 25, 3, 28]. Variants



of the external interval tree structure, as well as applications of it in isosurface
extraction, have been considered by Chiang and Silva [29, 60, 62, 61] (see also [7]).

Planar point location. The planar point location problem is defined as follows:
Given a planar subdivision with N vertices (i.e., a decomposition of the plane
into polygonal regions induced by a straight-line planar graph), construct a data
structure so that the face containing a query point p can be reported efficiently.
In internal memory, a lot of work has been done on this problem—see e.g. the
survey by Snoeyink [140]. Goodrich et al. [86] described the first query optimal
O(logg N) I/0 static solution to the problem, and several structures which can
answer a batch of queries I/O-efficiently have also been developed [86,29, 25,65,
143].

Recently, progress has been made in the development of I/ O-efficient dynamic
point location structures. In the dynamic version of the problem one can change
the subdivision dynamically (insert and delete edges and vertices). Based on
the external interval tree structure and ideas also utilized in several internal
memory structures [56,34], Agarwal et al. [3] developed a dynamic structure
for monotone subdivisions. Utilizing the logarithmic method and a technique
similar to dynamic fractional cascading [54,114], Arge and Vahrenhold improved
the structure to work for general subdivisions. Their structure uses linear space
and supports updates and queries in O(log2B N) 1/0s.

Range counting. Given a set of N points in the plane, a range counting
query asks for the number of points within a query rectangle. Based on ideas
utilized in an internal memory counting structure due to Chazelle [52], Agarwal
et al. [6] designed an external data structure for the range counting problem.
Their structure use linear space and answers a query in O(logz N) I/Os. Based
on a reduction due to Edelsbrunner and Overmars [74], they also designed a
linear space and O(logg N) query structure for the rectangle counting problem.
In this problem, given a set of N rectangles in the plane, a query asks for the
number of rectangles intersecting a query rectangle. Finally, they extended their
structures to the d-dimensional versions of the two problems. See also [157] and
references therein.

Higher-dimensional range searching. Vengroff and Vitter [149] presented a
data structure for 3-dimensional range searching with a logarithmic query bound.
With recent modifications their structure answers queries in O(logg N + T7'/B)
I/Os and uses O(%log3 %/loglog?]’g N) space [151]. More generally, they pre-
sented structures for answering (3+k)-sided queries (k of the dimensions, 0 < k <
3, have finite ranges) in O(logz N + T//B) 1/Os using O(% log® X /log logh, N)
space.

As mentioned, space use is often as crucial as query time when manipulat-
ing massive datasets. The linear space cross-tree of Grossi and Italiano [89, 90],
as well as the O-tree of Kanth and Singh [102], can be extended to support
d-dimensional range queries in O((N/B)'~'/¢ 4 T/B) 1/0s. Updates can be



performed in O(loggz N) I/Os. The cross-tree can also be used in the design of
dynamic data structures for several other problems [89,90].

Halfspace range searching. Given a set of points in d-dimensional space, a
halfspace range query asks for all points on one side of a query hyperplane. Halfs-
pace range searching is the simplest form of non-isothetic (non-orthogonal) range
searching. The problem was first considered in external memory by Franciosa
and Talamo [83,82]. Based on an internal memory structure due to Chazelle et
al. [55], Agarwal et al. [5] described an optimal O(logg N+T/B) query and linear
space structure for the 2-dimensional case. Using ideas from an internal memory
result of Chan [50], they described a structure for the 3-dimensional case, answer-
ing queries in O(logg N+7T'/B) expected I/Os but requiring O((N/B) log(N/B))
space. Based on the internal memory partition trees of Matousek [112], they also
gave a linear space data structure for answering d-dimensional halfspace range
queries in O((N/B)'~'/¢t¢ 4 T/B) 1/0s for any constant ¢ > 0. The struc-
ture supports updates in O((log(N/B))logg N) expected I/Os amortized. Using
an improved construction algorithm, Agarwal et al. [4] obtained an O(logy N)
amortized and expected update I/O-bound for the planar case. Agarwal et al. [5]
also showed how the query bound of the structure can be improved at the expense
of extra space. Finally, their linear space structure can also be used to answer
very general queries more precisely, all points within a query polyhedron with
m faces can be found in O(m(N/B)*~*/4+< + T/B) 1/Os.

Range searching on moving points. Recently there has been an increasing
interest in external memory data structures for storing continuously moving
objects. A key goal is to develop structures that only need to be changed when
the velocity or direction of an object changes (as opposed to continuously).
Kollios at al. [105] presented initial work on storing moving points in the
plane such that all points inside a query range at query time ¢ can be reported
in a provably efficient number of I/Os. Their results were improved and extended
by Agarwal et al. [4] who developed a linear space structure that answers a query
in O((N/B)'/?>*¢ + T/B) 1/Os for any constant € > 0. A point can be updated
using O(logg N) 1/Os. The structure is based on partition trees and can also
be used to answer queries where two time values t; and ¢, are given and we
want to find all points that lie in the query range at any time between ¢; and
to. Using the notion of kinetic data structures introduced by Basch et al. [33], as
well as a persistent version of the planar range searching structure [26] discussed
in Section 5, Agarwal et al. [4] also developed a number of other structures with
improved query performance. One of these structures has the property that
queries in the near future are answered faster than queries further away in time.
Further structures with this property were developed by Agarwal et al. [10].

Proximity queries. Proximity queries such as nearest neighbor and closest
pair queries have become increasingly important in recent years, for example
because of their applications in similarity search and data mining. Callahan
et al. [47] developed the first worst-case efficient external proximity query data



structures. Their structures are based on an external version of the topology trees
of Frederickson [84] called topology B-trees, which can be used to dynamically
maintain arbitrary binary trees I/O-efficiently.

Using topology B-trees and ideas from an internal structure of Bespamyat-
nikh [42], Callahan et al. [47] designed a linear space data structure for dynam-
ically maintaining the closest pair of a set of points in d-dimensional space. The
structure supports updates in O(logg N) I/Os. The same result was obtained by
Govindarajan et al. [87] using the well-separated pair decomposition of Callahan
and Kosaraju [48,49]. Govindarajan et al. [87] also showed how to dynamically
maintain a well-separated pair decomposition of a set of d-dimensional points
using O(logg N) I/Os per update.

Using topology B-trees and ideas from an internal structure due to Arya
et al. [31], Callahan et al. [47] developed a linear space data structure for the
dynamic approximate nearest neighbor problem. Given a set of points in d-
dimensional space, a query point p, and a parameter €, the approximate nearest
neighbor problem consists of finding a point ¢ with distance at most (1+¢) times
the distance of the actual nearest neighbor of p. The structure answers queries
and supports updates in O(logg N) I/Os. Agarwal et al. [4] designed I/O-efficient
data structures for answering approximate nearest neighbor queries on a set of
moving points.

In some applications we are interested in finding not only the nearest but all
the k nearest neighbors of a query point. Based on their 3-dimensional halfspa-
ce range searching structure, Agarwal et al [5] described a structure that uses
O((N/B)log(N/B)) space to store N points in the plane such that a k nearest
neighbors query can be answered in (logg N + k/B) 1/0Os.

7 Practical general-purpose structures

Although several of the worst-case efficient (and often optimal) data structures
discussed in the previous sections are simple enough to be of practical interest,
they are often not the obvious choices when deciding which data structures to
use in a real-world application. There are several reasons for this, one of the
most important being that in real applications involving massive datasets it is
practically feasible to use data structures of size ¢N/B only for a very small
constant c¢. Since fundamental lower bounds often prevent logarithmic worst-
case search cost for even relatively simple problems when restricting the space
use to linear, we need to develop heuristic structures which perform well in most
practical cases. Space restrictions also motivate us not to use structures for single
specialized queries but instead design general structures that can be used to
answer several different types of queries. Finally, implementation considerations
often motivate us to sacrifice worst-case efficiency for simplicity. All of these
considerations have led to the development of a large number of general-purpose
data structures that often work well in practice, but which do not come with
worst-case performance guarantees. Below we quickly survey the major classes



of such structures. The reader is referred to more complete surveys for details
[12,85,121,88,124,134].

Range searching in d-dimensions is the most extensively researched problem.
A large number of structures have been developed for this problem, includ-
ing space filling curves (see e.g. [123,1,32]), grid-files [119,94], various quad-
trees [133,134], kd-B tress [128] and variants like Buddy-trees [138], hB-trees
[109, 75] and cell-trees [91] and various R-trees [92, 88,139, 37,100]. Often these
structures are broadly classified into two types, namely space driven structures
(like quad-trees and grid-files), which partition the embedded space containing
the data points and data driven structures (like kd-B trees and R-trees), which
partition the data points themselves. Agarwal et al. [9] describe a general frame-
work for efficient construction and updating of many of the above structures.

As mentioned above, we often want to be able to answer a very diverse set
of queries, like halfspace range queries, general polygon range queries, and point
location queries, on a single data structure. Many of the above data structures
can easily be used to answer many such different queries and that is one main
reason for their practical success. Recently, there has also been a lot of work on
extensions or even new structures which also support e.g. moving objects (see
e.g [155,132,154,126] and references therein) or proximity queries (see e.g. [41,
129,103, 85,12, 121] and references therein). However, as discussed, most often no
guarantee on the worst-case query performance is provided for these structures.

So far we have mostly discussed point data structures. In general, we are
interested in storing objects such as lines and polyhedra with a spatial extent.
Like in the point case, a large number of heuristic structures, many of which
are variations of the ones mentioned above, have been proposed for such ob-
jects. However, almost no worst-case efficient structures are known. In practice
a filtering/refinement method is often used when managing objects with spatial
extent. Instead of directly storing the objects in the data structure we store
the minimal bounding (azis-parallel) rectangle containing each object together
with a pointer to the object itself. When answering a query we first find all the
minimal bounding rectangles fulfilling the query (the filtering step) and then we
retrieve the objects corresponding to these rectangles and check each of them
to see if they fulfill the query (the refinement step). One way of designing data
structures for rectangles (or even more general objects) is to transform them into
points in higher-dimensional space and store these points in one of the point data
structures discussed above (see e.g. [85,121] for a survey). However, a structure
based on another idea has emerged as especially efficient for storing and query-
ing minimal bounding rectangles. Below we further discuss this so-called R-tree
and its many variants.

R-trees. The R-tree, originally proposed by Guttman [92], is a multiway tree
very similar to a B-tree; all leaf nodes are on the same level of the tree and
a leaf contains @(B) data rectangles. Each internal node v (except maybe for
the root) has @(B) children. For each of its children v;, v contains the minimal
bounding rectangle of all the rectangles in the tree rooted in v;. An R-tree has

height O(logg N) and uses O(N/B) space. An example of an R-tree is shown in
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Fig. 8. R-tree constructed on rectangles A, B, C, ..., I (B = 3).

Figure 8. Note that there is no unique R-tree for a given set of data rectangles
and that minimal bounding rectangles stored within an R-tree node can overlap.

In order to query an R-tree to find, say, all rectangles containing a query
point p, we start at the root and recursively visit all children whose minimal
bounding rectangle contains p. This way we visit all internal nodes whose min-
imal bounding rectangle contains p. There can be many more such nodes than
actual data rectangles containing p and intuitively we want the minimal bound-
ing rectangles stored in an internal node to overlap as little as possible in order
to obtain a query efficient structure.

An insertion can be performed in O(logg N) I/Os like in a B-tree. We first
traverse the path from the root to the leaf we choose to insert the new rectangle
into. The insertion might result in the need for node splittings on the same root-
leaf path. As insertion of a new rectangle can increase the overlap in a node,
several heuristics for choosing which leaf to insert a new rectangle into, as well as
for splitting nodes during rebalancing, have been proposed [88,139, 37, 100]. The
R*-tree variant of Beckmann et al. [37] seems to result in the best performance in
many cases. Deletions are also performed similarly to deletions in a B-tree but we
cannot guarantee an O(logg N) bound since finding the data rectangle to delete
may require many more I/Os. Rebalancing after a deletion can be performed
by fusing nodes like in a B-tree but some R-tree variants instead delete a node
when it underflows and reinsert its children into the tree (often referred to as
“forced reinsertion”). The idea is to try to obtain a better structure by forcing a
global reorganization of the structure instead of the local reorganization a node
fuse constitutes.

Constructing an R-tree using repeated insertion takes O(N logg N) I/0s
and does not necessarily result in a good tree in terms of query performance.
Therefore several sorting based O(% log X) 1/O construction algorithms
have been proposed [130,99,69,108,40]. Several of these algorithms produce
an R-tree with practically better query performance than an R-tree built by
repeated insertion. Still, no better than a linear worst-case query I/O-bound
has been proven for any of them. Very recently, however, de Berg et al. [68]
and Agarwal et al. [11] presented R-tree construction algorithms resulting in
R-trees with provably efficient worst-case query performance measured in terms



of certain parameters describing the input data. They also discussed how these
structures can be efficiently maintained dynamically.

8 Implementation of I/O-efficient data structures

Two ongoing projects aim at developing software packages that facilitates im-
plementation of I/O-efficient algorithms and data structures in a high-level,
portable and efficient way. These projects are the LEDA-SM project at MPT in
Germany [66,67] and the TPIE (Transparent Parallel I/O Programming Envi-
ronment) project at Duke [17,148]. We briefly discuss these projects and the ex-
periments performed within them below. Outside these projects, a few other au-
thors have reported on stand-alone implementations of geometric algorithms [57,
58], external interval trees [60—62], buffer trees [96], and string B-trees [79].
LEDA-SM. LEDA-SM is an extension of the LEDA library [115] of efficient
algorithms and data structures. It consists of a kernel that gives an abstract
view of external memory as a collection of disks, each consisting of a collection
of blocks. The kernel provides a number of primitives for manipulating blocks,
which facilitate efficient implementation of external memory algorithms and data
structures. The LEDA-SM distribution also contains a collection of fundamental
data structures, such as stacks, queues, heaps, B-trees and buffer-trees, as well as
a few fundamental algorithms such as external sorting and matrix operations. It
also contains algorithms and data structures for manipulating strings and mas-
sive graphs. Results on the practical performance of LEDA-SM implementations
of external priority queues and I/O-efficient construction of suffix arrays can be
found in [44] and [64], respectively.

TPIE. The first part of the TPIE project took a stream-based approach to
computation [148,17], where the kernel feeds a continuous stream of elements to
the user programs in an I/O-efficient manner. This approach is justified by the-
oretical research on I/O-efficient algorithms, which show that a large number of
problems can be solved using a small number of streaming paradigms, all imple-
mented in TPIE. This part of TPIE also contains fundamental data structures
such as queues and stacks, algorithms for sorting and matrix operations, as well
as a few more specialized geometric algorithms. It has been used in I/O-efficient
implementations of several scientific computation [150], spatial join [24, 25, 23],
and terrain flow [27,19] algorithms.

Since most external data structures cannot efficiently be implemented in
a stream-based framework, the second part of the TPIE project adds kernel
support for a block oriented programming style. Like in LEDA-SM, the external
memory is viewed as a collection of blocks and primitives for manipulating such
blocks are provided. Fundamental data structure such as B-trees and R-trees
are also provided with this part of TPIE. The block oriented part of TPIE is
integration with the stream oriented part, and together the two parts have been
used to implement I/O-efficient algorithms for R-trees construction [21] based on



the buffer technique, to implement an I/O-efficient algorithms for constriction
and updating of kd-tree [8,9], as well as to implement the recently developed
structures for range counting [6]. Other external data structures currently being
implemented includes persistent B-trees, structures for planar point location,

and the external priority search tree.

9 Conclusions

In this paper we have discussed recent advances in the development of prov-
ably efficient external memory dynamic data structures, mainly for geometric
objects and especially for the one- and two-dimensional range searching prob-
lems. A more detailed survey by the author can be found in [16]. Even though a
lot of progress has been made, many problems still remain open. For example,
O(logg N)-query and space efficient structures still need to be found for many
higher-dimensional problems.
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