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ations. It arises in control problems, when the inputs to a regulator are time-dependent measurements of plant states, or in speech processing, where inputsare windowed Fourier coe�cients and signal levels at each instant.In PAC-theoretic terms, it is natural to take into account this additional struc-ture through the use of hypotheses classes F which consist of dynamical systems.We will take the inputs (for training and testing) to be functions of time, andthe hypotheses classes will be de�ned by means of dynamical recognizers, whichallow one to exploit the information inherent in the correlations and dependenciesthat exist among the terms of the input sequence. (As a close analogy, Kalman�ltering, which relies on linear dynamical systems for extracting information |�ltering of noise | from a stream of data, is perhaps the most successful knownexample of an application of the idea of using dynamical systems as data pro-cessors.) Through a limitation of the memory and power (dynamic order, numberof adjustable parameters) of the elements of F , and analyzing behavior for longerand longer input sequences, one is able to focus on the properties that truly re
ectthe dependence of f(u) on long-term time correlations in the input sequence u.This paradigm is inspired by the use of �nite automata for the recognition of lan-guages, and the use of recursive least squares techniques in statistical problems,but the interest here is in nonlinear, continuous-state, dynamical systems. In par-ticular, we use recurrent (sometimes \feedback" or \dynamic") neural networks.In contrast to feedforward nets, which only contain static units, recurrent netsincorporate dynamic elements (delay lines), and their behavior is described bymeans of systems of di�erence equations. (It is also possible to study continuous-time nets, which are de�ned in terms of di�erential equations, but we restrictattention in this paper to the discrete time case. Similar results can be obtainedin the continuous-time framework, however.)Recurrent networks are among the models considered by Grossberg and hisschool during the last twenty or more years, and include the networks proposed byHop�eld for associative memory and optimization. They have been employed inthe design of control laws for robotic manipulators (Jordan), as well as in speechrecognition (Fallside, Kuhn), speaker identi�cation (Anderson), formal languageinference (Giles), and sequence extrapolation for time series prediction (Farmer).See for instance the book [2], which emphasizes digital signal processing, or thework on language learning in [5], and the many references given in both citations.In both the areas of signal processing ([9]) and control ([10]), recurrent netshave been proposed as generic identi�cation models or as prototype dynamiccontrollers. In addition, theoretical results about neural networks establishedtheir universality as models for systems approximation ([14]) as well as analogcomputing devices ([11, 12]).2 Precise De�nitionsIn order to be able to formally state our main results, we now provide precisede�nitions of recurrent nets. Just as one does with Turing machines { or similarmodels of computation { in the analysis of algorithms, however, in proofs we



revert to a more informal approach, leaving implicit the precise speci�cation ofnetworks in the formalism introduced here.By an n-dimensional, m-input, p-output initialized recurrent net we mean a5-tuple � = (A;B;C; x0;�) (1)consisting of three matrices A 2 Rn�n , B 2 Rn�m , C 2 Rp�n , a vector x0 2 Rn ,and a diagonal mapping� : Rn ! Rn : 0@ x1...xn1A 7! 0B@ �1(x1)...�n(xn)1CA ; (2)where �1; : : : ; �n are maps R ! R. The (discrete time) system induced by the net(1) is the set of n coupled di�erence equations, plus measurement function:x(t + 1) = � (Ax(t) +Bu(t)) ; x(0) = x0 ; y(t) = Cx(t) : (3)One also writes (3) simply as x+ = � (Ax+Bu), x(0) = x0, y = Cx. Thecomponent maps �1; : : : ; �n of � are the activations of the net . If it is the casethat all the �i are equal to a �xed function �, we say that the net is homogeneouswith activation � and write also �(n) instead of �. The spaces Rm , Rn , and Rpare called respectively the input, state, and output spaces of the net.In the present context, one interprets the vector equations for x in (3) asrepresenting the evolution of an ensemble of n \neurons" (also called some-times \units", or \gates") where each coordinate xi of x is a real-valued vari-able which represents the internal state of the ith neuron, and each coordinateui; i = 1; : : : ;m of u is an external input signal. The vector x0 lists the initialvalues of these states. The coe�cients Aij ; Bij denote the weights, intensities,or \synaptic strengths," of the various connections. The coordinates of y(t) rep-resent the output of p probes, or measurement devices, each of which averagesthe activation values of many neurons. Often C is just a projection on some co-ordinates, that is, the components of y are simply a subset of the components ofx. The linear systems customarily studied in control theory (see e.g. the text-book [13]) are precisely the homogeneous initialized recurrent nets with identityactivation and x0 = 0.To each initialized recurrent net (A;B;C; x0;�) we associate a discrete timeinput/output behavior. Assume given a sequence u = u(0); : : : ; u(k � 1) of ele-ments of the input space Rm . One may iteratively solve the di�erence equa-tion (3) starting with x(0) = x0, thereby obtaining a sequence of state vectorsx(1); : : : ; x(k). In this manner, each initialized recurrent net induces a mapping,on inputs of �xed length k,�k� : (Rm )k ! Rp : u 7! y(k) = Cx(k) (4)which assigns to the input u the last output produced in response.



Remark. One may broaden the notion of initialized recurrent net by allowing\biases" or \o�sets", i.e. nonzero vectors d 2 Rn and e 2 Rp in the update andthe measurement equations respectively. These equations would then take themore general form x+ = �(Ax + Bu + d), y = Cx + e. Despite the fact thatbiases are useful, and we employ them in proofs, we do not need to include suchan extension in the formal de�nition. This is because the input/output behavior ofany such net also arises as the input/output behavior of a net in the sense de�nedearlier (zero biases), with state space Rn+1 and same activations. The simulationis achieved by means of the introduction of an additional variable z whose valueis constantly equal to a nonzero number z0 in the range of one of the activations,say �, in such a manner that the equations become x+ = �(Ax + zd0 + Bu),z+ = �(a0z), y = Cx + ze0, where a0 is chosen so that �(a0z0) = z0 and d0; e0are so that z0d0 = d and z0e0 = e (if the only activation is � � 0, there would benothing to prove).2.1 ArchitecturesRoughly, by an \architecture" one means a choice of interconnection structureand of the activation functions � for each neuron, leaving weights and initialstates unspeci�ed, as parameters. One may also stipulate that the initial state, orjust certain speci�c coordinates of it, should be zero (as with linear systems incontrol theory). Feedback networks with a �xed architecture provide parametricclasses of dynamical systems. We formalize the notion of architecture by meansof incidence matrices, employing binary matrices in order to specify the allowedinterconnection patterns and initial states.By an n-dimensional, m-input, p-output recurrent architecture we mean a5-tuple A = (�; �; 
; �;�) (5)consisting of three matrices � 2 f0; 1gn�n, � 2 f0; 1gn�m, and 
 2 f0; 1gp�n, avector � 2 f0; 1gn, and a diagonal mapping � as in Equation (2). An initializedrecurrent net with architecture A is an instantiation obtained by choosing valuesfor the nonzero entries, that, is, any initialized recurrent net (A;B;C; x0;�0)such that � = �0 and the entries of the matrices and vector satisfy Aij = 0whenever �ij = 0, Bij = 0 whenever �ij = 0, Cij = 0 whenever 
ij = 0, andx0i = 0 whenever �i = 0.We say also here that the component maps �1; : : : ; �n of � are the activationsof the net, which is homogeneous with activation � if all �i are equal to a �xedfunction �. The spaces Rm , Rn , and Rp are respectively the input, state, andoutput spaces of the architecture. Suppose that the binary matrices �, �, and 
and the vector � have exactly �, �, �, and � nonzero entries respectively; then wecall the number w := �+�+�+� the number of parameters or weights of A, andcall Rw the parameter or weight space. Arrange the indices of the nonzero entriesin any �xed manner, for instance by listing their nonzero entries row by row, for�, �, 
, and � in that order. These indices are in one-to-one correspondence withthe coordinates of vectors in Rw . In this manner, one may view the architecture



A as representing a parameterized system x+ = � (�x + �u), x(0) = �, y =
x where, by substituting the parameters � 2 Rw into the nonzero entries of(�; �; 
; �), every possible initialized recurrent net � = A(�) with architectureA results.Recalling the notations in Equation (4), for each recurrent architecture A andeach k > 0, we may introduce the setFA;k := ��k� ; � = A(�); � 2 Rw	 (6)of mappings (Rm )k ! Rp . Elements of this set are the input/output mappingsinduced on inputs of length k by each possible initialized recurrent net witharchitecture A.2.2 VC DimensionIn all our results, we will take the number of input components (m) and ofoutput components (p) to be one, and, except in Theorem 7, we consider onlyhomogeneous (all activations equal) architectures. By �-architecture, we mean anarchitecture where all activations are the same function � : R ! R. The choiceof m = 1 makes our lower bounds more interesting. It is fairly easy, thoughnotationally somewhat more cumbersome, to extend the upper bounds to vectorinputs. The same can be said about the homogeneity assumption, although it isthe case that some proofs use nonhomogeneous nets in intermediate steps. Thechoice p = 1 is made in order to be able to see the input/output behaviors ofnetworks as classi�ers.Given any A with m = p = 1, and any k > 0, we denoteBA;k := �H��k� ; � = A(�); � 2 Rw ; � 2 Rn	 (7)where H is the threshold function: H(x) = 0 if x � 0 and H(x) = 1 if x > 0.This is a class of mappings Rk ! f0; 1g, and we write vc(A; k) to denote itsVC dimension. We refer to this quantity also as the \VC dimension of A whenreceiving inputs of length k".We are particularly interested in understanding the behavior of vc(A; k) ask ! 1, for various recurrent architectures, as well as the dependence of thisquantity on the number of weights and the particular type of activation beingused. In particular, we continue the work described in [4] (see also [16] for relatedwork), which had obtained estimates of these quantities for architectures withidentity activations.By a threshold recurrent architecture we mean a homogeneous one with � =H . As in [15], we say that � : R ! R is sigmoidal , or a sigmoid , if:1. � is di�erentiable at some point x0 where �0(x0)6=0.2. limx!�1 �(x) = 0 and limx!+1 �(x) = 1. (the limits 0 and 1 can be re-placed by any distinct numbers).In particular, the standard sigmoid is �(x) = 1=(1 + e�x). By �-gate, or �-unit,we mean a gate with activation �. These two special cases are worth recording:by linear (respectively, threshold) unit we mean a unit with activation a linearor threshold function.



2.3 Statements of Main ResultsFor each A and k, by \unfolding" the iterations, one may also see the class BA;kas a class of classi�ers representable by feedforward neural nets (with k \hiddenlayers"). This trivial fact allows one to easily obtain estimates, based on thosebounds which were developed (cf. [3, 1], [6], [7]) for the feedforward case.Theorem1. For recurrent architectures, with w weights receiving inputs oflength k:1. The VC dimension of threshold recurrent architectures is O(kw log kw).2. If � : R ! R is a �xed piecewise-polynomial function, The VC dimension ofrecurrent architectures with activation � is O(kw2).3. The VC dimension of recurrent architectures with activation the standardsigmoid O(k2w4).The bounds would seem to be too conservative, since they completely dis-regard the fact that the weights in the di�erent layers of the \unfolded" net areactually the same. The surprising aspect of the results to be stated next (andof the results in [4]) is that we obtain lower bounds which do not look muchdi�erent. We �rst state two more upper bounds. The �rst one is interesting be-cause for �xed w, it shows a log k dependence, rather than the k log k obtainedby unfolding.Theorem2. The VC dimension of an n-dimensional threshold recurrent archi-tecture, with w weights and receiving inputs of length k, is O(wn + w log kw).Theorem3. Let � : R ! R be a �xed polynomial function. The VC dimensionof recurrent architectures with activation �, with w weights and receiving inputsof length k, is O(kw). Moreover, if � is linear this bound can be improved toO(w log k).For a corresponding lower bound in the linear case, see [4]. We now turn toother lower bounds.Theorem4. The VC dimension of threshold recurrent architectures, with wweights and receiving inputs of length k = 
(w), is 
(w log(k=w)).Here and throughout the paper, the 
 symbol is to be interpreted as follows:\there exist universal constants c1; c2; c3 > 0 such that for every w � c1 andevery k � c2w, there exists a threshold recurrent architecture with w weightswhich has VC dimension at least c3w log(k=w) for inputs of length k."Theorem5. Let � be an arbitrary sigmoid. The VC dimension of recurrentarchitectures with activation �, with w weights and receiving inputs of length k,is 
(wk).It is possible to generalize Theorem 5 to even more arbitrary gate functions:



Theorem6. Let � be a function which is twice continuously di�erentiable func-tion in an open interval containing some point x0 where �00(x0)6=0. The VCdimension of recurrent architectures with activation �, with w weights and re-ceiving inputs of length k, is 
(wk).This is an intermediate technical result, but it seems of interest in its ownright:Theorem7. The VC dimension of recurrent architectures with threshold andlinear activations, with w weights and receiving inputs of length k, is 
(wk).It is interesting to contrast the situation with the one that holds for feed-forward nets. For the latter, it holds, in general terms, that linear activationsprovide VC dimension proportional to w, threshold activations give VC dimen-sion proportional to w log(w), and piecewise polynomial activations result in VCdimension proportional to w2.Proofs and a few additional results can be found in sections 3 and 4.3 Threshold Networks3.1 Lower BoundsLemma8. Given two integers m;L > 0 such that L is a power of 2, let k =mL and consider the following family F of boolean functions on f0; 1gk: thefunctions in F are indexed by m parameters t0; : : : ; tm�1 2 f0; : : : ; L� 1g. Thecorresponding function maps an input u = (u(k � 1); : : : ; u(0)) 2 f0; 1gk toft0;:::;tm�1(u) = m�1_j=0 u(jL+ tj);i.e., we select one input in each interval of the form [jL; (j + 1)L� 1] and takethe logical OR of these boolean values.The VC dimension of F is exactly m logL.Proof. Since each parameter tj can take L distinct values, there are at mostLm = 2m logL functions in F . Hence the VC dimension of F is at most m logL.In order to show that this upper bound is tight, we will construct a set S ofs = m logL inputs u0; : : : ; us�1 such that each labeling (�0; : : : ; �s�1) 2 f0; 1gsof S can be obtained in the following way: let tj be the integer with binary digits(from the low-order bit to the high-order bit) �j logL; �j logL+1; : : : ; �(j+1) logL�1.Then ft0;:::;tm�1(ui) = �i.Input ui is de�ned as follows: write i = q logL+ r, with q 2 f0; : : : ;m � 1gand r 2 f0; : : : ; logL � 1g. Then ui(t) = 0 for every t62[qL; (q + 1)L � 1]. Fort 2 [qL; (q + 1)L� 1], one can write t = qL+ r0 where r0 2 f0; : : : ; L� 1g. Weset ui(t) = 1 if the bit of weight 2r of r0 is equal to 1; otherwise, ui(t) = 0.To see that for any labeling �0; : : : ; �s�1 one has ft0;:::;tm�1(ui) = �i (witht0; : : : ; tm�1 as de�ned above), note that by construction of ui, ui(jL+ tj) = 0



for all j 6=q. Hence ft0;:::;tm�1(ui) = ui(qL+ tq). Again by construction of ui, thisis just the bit of weight 2r of tq . However, by construction of the tj 's, this bit isnothing but �q logL+r = �i. Hence we get the correct output.Remark. An explicit description of the inputs constructed in the above proof isas follows. Consider the L by logL matrixV = 0BBBB@ 1 0 � � � 00 1 � � � 01 1 � � � 0... ... ... ...1 1 � � � 11CCCCAwhich is obtained by listing all binary row vectors of size logL in the reverse oftheir natural order (i.e., the leftmost bit is the least signi�cant bit). Let U bethe direct sum matrix V �V � � � � �V (this is the block-diagonal matrix with mcopies of V on the diagonal). The input set S is the same as the set of columnsof this matrix. We may also describe the set functions in F in this manner. Letei, i = 0; : : : ; L � 1 be the unit row vector (0; : : : ; 0; 1; 0; : : : ; 0) (with a \1" inthe (i+1)st position) and consider the row vector Et0;:::;tm�1 = (et0 ; : : : ; etm�1).Then, ft0;:::;tm�1(ui) is the product of Et0;:::;tm�1 and the ith column of U .Proof of Theorem 4. We �rst assume that w is of the form 8m + 2, for somem � 1. We also assume that L = �=m is a power of 2, where � = k � 2, andthat L � 2. The (straightforward) generalization to arbitrary values of w and kis explained at the end of the proof.We shall construct an architecture N of w weights which implements thefamily F of Lemma 8 for inputs of length �. It will become clear that in theinitialized recurrent network implementation, we need two additional inputs attime � and � + 1. This explains why k = � + 2. According to Lemma 8, ourshattered set S0 will be of size m logL = [(w� 2)=8]: log[8(k � 2)=(w� 2)]. Thisis indeed 
(w log(k=w)).S0 is de�ned as follows. For each input u in the shattered set S of Lemma 8there is an input u0 2 S0 satisfying u0(t) = 2t+ u(ti) for t = 0; : : : ; �� 1. Thereare two additional \dummy" inputs u0(�) = 0 and u0(�+1) = 0 (the values (0; 0)can be replaced by an arbitrary pair of real numbers).Let us now describe network N . We need m subnetworks to perform the tests\u(jL + tj) = 1 ?" for j = 0; : : : ;m � 1. By construction of S0, this questionhas a positive answer if and only if there exists t 2 f0; : : : ; � � 1g such thatu0(t) = 2(jL+ tj) + 1. The outcome ej of this test can be computed by a simplenetwork of 3 threshold units and 7 weights:ej = H [H(u0 � �j + 0:5) +H(�j + 0:5� u0)� 1:5]where �j = 2(jL+tj)+1. The network has one additional threshold gate o whichserves as output unit. It keeps computing the OR of the ej 's and of the previousoutput (to make sure that is some ej is equal to 1 at some time, the output



remains 1 ever after). This can be implemented with m + 2 weights as follows:o+ = H(o+Pmj=1 ej � 0:5): Therefore N has 7m+ (m+ 2) = w weights.Note that the last two inputs u0(�) and u0(�+ 1) are \wasted", i.e., they donot in
uence the �nal output o(k). All gates are initialized to 0. This guaranteesthat the outputs at t = 1 and t = 2 are both 0. These outputs are \bogus" inthe sense that they occur before even the �rst input u0(0) is processed. If one ofthese bogus outputs was equal to 1 then the �nal output would be 1, no matterwhat the input sequence is (and we certainly don't want that to happen).The generalization to arbitrary values of w and k is as follows: let m =b(w� 2)=8c and L the largest power of 2 which is not larger than (k� 2)=m (wecan assume that L � 2). The construction above yields a network of w0 = 8m+2weights with VC dimension m logL. This is still 
(w log(k=w)), albeit with aslightly smaller constant. One can obtain a network of exactly w weights byadding to the present construction w0 �w \dummy" units which are completelydisconnected from the rest of the network (for instance, each dummy unit mightbe of the form x+ = H(x)).3.2 Upper BoundsProof of Theorem 1 (threshold case). By unfolding, the recurrent network can besimulated by a (depth k) feedforward threshold network with kw weights (notethat the only e�ect of having the initial x(0) 2 Rn as a programmable parameteris to change the threshold values in the �rst layer of that feedforward net). Theresult then follows from the Baum-Haussler bound [1].Proof of Theorem 2. Let S = fu1; : : : ; usg be a set of s inputs. We will boundthe number of distinct transition functions of the architecture for inputs in S.The transition function is of the form� : (x; u) 7! H(n)(Ax +Bu) ;where the network state x is in f0; 1gn and the input u in R. Since we areconsidering only inputs from S, u can take any of the (at most) ks values ui(t)(i = 1; : : : ; s; t = 0; : : : ; k�1). Hence the domainD of � has at most jf0; 1gnjks =2nks elements. Let Ti be the threshold function computed by gate number i. If thisgate haswi incoming weights, then Ti can induce at most 2jDjwi distinct functionson D by, e.g., Sauer's lemma. Hence there are at most Qni=1 2jDjwi = 2njDjw��distinct transition functions, where � is the number of entries equal to 1 in �(in other words, � is the number of \unspeci�ed" coordinates of initial states; byde�nition, the total number of parameters is w = Pni=1 wi + �). If two settingsof the architecture's parameters give rise to the same transition function and theinitial states are the same, the functions induced on S will be identical. Thereforeif S is to be shattered, 2s � 2n(2nks)w�� � 2� � 2n(2nks)w. This implies thats � n(w+1)+w log k+w log s, hence s=2 � n(w+1)+w log k or s=2 � w log s.In both cases, s = O(wn + w log kw).



We don't know if a O(w log kw) bound applies for all values of k; w � 2. It isclear from the proof of this theorem that the \extra" term wn comes from the 2nbound on the number of network states. One may be able to give better boundsfor networks with a smaller number of \accessible" states.Theorem9. The VC dimension of a recurrent architecture of n threshold unitsand w weights receiving boolean inputs of length k is O(wn + w logw). (Notethat this bound is independent of k.)Proof. This follows from the proof of Theorem 2. The domain of the transitionfunction � has only 2n+1 elements since u 2 f0; 1g. Hence one can set jDj = 2n+1in the proof of that theorem.The same result applies to architectures taking their inputs in any �xed �niteset. This is in sharp contrast with the case of feedforward architectures, wheremaximum VC dimension 
(w logw) can be achieved with boolean inputs.4 Sigmoidal Networks4.1 Upper BoundsProof of Theorem 1 (piecewise-polynomial case). It takes O(w) arithmetic oper-ations to update the network's state after a new input component is received.Hence the whole computation requires O(kw) operations for inputs of length k.The architecture has w + n � 2w programmable parameters, where n is thenumber of units in the network. Hence by [6] (Theorem 2.3) its VC dimension isO(w � kw).Interestingly, one can give a better upper bound for polynomial activationfunctions than for piecewise-polynomial activation functions. The linear case isincluded in [4].Proof of Theorem 3. We denote by W the vector listing all weights in the threesystems matrices �; �; 
, so that the parameter vector � can be partitioned as(W;�0), where �0 lists the weights in �. Let P : Rw��+1+n ! Rn be the functionmapping W , the input u 2 R, and the network's current state x 2 Rn to the nextstate x+ 2 Rn . For instance, the network's state after reading u(0) and u(1) isP (W;u(1); P (W;u(0); x(0))). If � is a degree-d polynomial then each componentof P is a polynomial of degree 2d. (this twofold increase is due to multiplicationsbetween weight and input or state variables; the degree in the weight variablesis only d.) After the whole input u 2 Rk has been read, the state of any unit inthe network (and in particular the state of the output unit) can be expressed asa polynomial Pk in u 2 Rk , W 2 Rw�� and the parameters �0 for the nonzerocoordinates of x(0) 2 Rn . The degree of Pk in the programmable parameters isat most D = 2dk+Pk�1j=1 dj . By [6] (Theorem 2.2) the VC dimension is boundedby 2w log(8eD). (note that the degree in the input variables does not appear inthis bound.) The theorem follows from the obvious observations: D = k + 1 ford = 1 and D < 2dk+1 for d � 2.



Proof of Theorem 1 (standard-sigmoidal case). By unfolding, the recurrent ar-chitecture can be simulated by a feedforward net with kn nodes, where n be thenumber of nodes in the original architecture, and the same number w of pro-grammable parameters. By [7] there is a O((kn)2w2) upper bound on the VCdimension of that architecture. This is O(k2w4) as claimed.Note: one can argue that the feedforward net has kw weights, but manyof those weights are \shared" and there are only w + n � 2w programmableparameters. The result in [7] explicitly allows such weight-sharing arrangements(see condition e in section 4.1 of their paper).4.2 Lower BoundsTheorem 6 shows that the O(kw) upper bound of Theorem 3 is tight (for non-linear polynomials). In fact, the matching 
(kw) lower bound applies to a muchwider class of functions than just polynomials. Let us consider �rst the simplercase of sigmoidal functions.Proof of Theorem 5. This follows from Theorem 7 and the fact on any �nite setof inputs, linear and threshold gates can be simulated by gates with activation�.Proof of Theorem 7. We can assume that � = k� 2 � 1. We also assume that wis of the form 14� + 2. As in Theorem 4, the generalization to other values of wis straightforward. We �rst de�ne the shattered set S: a sequence u 2 R� is inS if it has exactly one non-zero component, and that component is in f1; : : : ; �g(obviously, jSj = ��). Next we de�ne a family F of functions which shattersS. The functions in this family are indexed by � parameters w1; :::; w� 2 [0; 1].Each parameter is assumed to have a �nite �-bit binary expansion 0:wi1 : : : wi�.Given an input u 2 S with i = u(j) as non-zero component, the correspondingoutput simply is fw1;:::;w� (u) := wij (i.e., we select bit number j of wi). It is clearthat F shatters S: any function f : S ! f0; 1g can be implemented by settingwij = f(iej) (ej denotes the element of S with a 1 in the j-th position).In a recurrent network implementation of this, the set S0 of shattered se-quences is obtained by adding two \dummy" inputs u(�) = u(k � 2) = 0 andu(�+ 1) = u(k � 1) = 0 at the end of a sequence (u(0); : : : ; u(�� 1)) 2 S, as inthe proof of Theorem 4.The parameters w1; : : : ; w� are stored in the initial states of units x1; : : : ; x� .As the computation proceeds, these units will store shifted versions of the para-meters. The leading bits of x1; : : : ; x� are stored in � other units y1; : : : ; y� . Theinitial state of xi is wi=2; all other units are initialized to 0. (note that this impliesin particular that at t = 0, yi indeed stores the leading bit of xi.) New values ofxi and yi can be computed at each time step by the following 5-weight system:x+i = 2xi � yiy+i = H(4xi � 2yi � 1)The network should output 1 if the current input u is equal to i6=0, and yi = 1.This can be checked by computing ei = H [H(u� i+0:5)+H(i+0:5�u)+ yi�



2:5] (this requires 3� threshold gates and 8� weights). There is one additionalthreshold gate o which serves as output unit. It keeps computing the OR of theei's and of the previous output This can be implemented with � + 2 weights asin the proof of Theorem 4: o+ = H(o+P�i=1 ei � 0:5):The architecture described above has 5� + 8� + (� + 2) = 14� + 2 = wweights. The output fw1;:::;w� (u(0); : : : ; u(� � 1)) is carried by the output unitat time (� � 1) + 3 = k. Note that the last two inputs u(�) and u(� + 1) are\wasted", i.e., they do not in
uence the �nal output o(k). Note also that theoutputs at t = 1 and t = 2 are both 0 as needed.Theorem 6 generalizes Theorem 5 to even more arbitrary activations. For thiswe need some of the machinery of [8]. In particular, we need to allow networkswith multiplication and division gates. These gates have fan-in two and number ofweights also two (even though there is no natural numerical parameter associatedto the gate; we need to assign weights to multiplication and division gates toaccount for the numerical parameters that will occur when simulating these gatesby �-gates). The output of a multiplication gate is de�ned as the product of itstwo inputs. The output of a division gate is de�ned as the quotient of its twoinputs, assuming that the second input is nonzero. An input to a circuit is saidto be valid if it does not cause a division by zero at any division gate. We willonly work with sets of valid inputs (so the domain of the function computed bysuch a generalized network is a subset of Rm and shattering is only de�ned forsubsets of this domain).We will use feedforward architectures as building blocks in our recurrent ar-chitectures. The necessary background is standard and can be found for instancein [8]. To be self-contained, we recall that the units of feedforward architectureare grouped into layers. We use the same type of units as in recurrent architec-tures (in particular, multiplication and division gates are allowed, as mentionedearlier in this section). The inputs to the architecture are fed to units in the �rstlayer. For i > 1, units in layer i receive their inputs from layer i � 1. The lastlayer is made of a single gate: the output gate. The function computed by a gateis de�ned by a straightforward induction on its depth in the architecture. Thefunction computed by the architecture is the function computed by the outputgate.Readers familiar with feedforward nets will notice that we do not allow con-nections between non-adjacent layers. For synchronization reasons, such connec-tions are to be avoided in recurrent nets. One can always convert a non-layeredfeedforward architecture into a layered one by introducing delays (identity gates).The following two lemmas from [8] are needed (the �rst one is well-knownand easy to prove).Lemma10. Let � : [0; 1] ! [0; 1] be the logistic map �(x) = 4x(1 � x). Forevery n � 1 and every � 2 f0; 1gn there exists x1 2 [0; 1] such that the sequence(xk)1�k�n de�ned by xk+1 = �(xk) for k = 1; : : : ; n � 1 satis�es the followingproperty: 0 � xk < 1=2 if �k = 0 and and 1=2 < xk � 1 if �k = 1.The next result is essentially Lemma 1 from [8].



Lemma11. For every n � 0, there is a feedforward architecture A with inputs(x;W0; : : : ;Wn) in Rn+2 such that the following property holds: for every � > 0there exists a choice of the weights of A such that the function f� implementedby the network satis�es lim�!0 f�(i;W0; : : : ;Wn) =Wi for i = 0; : : : ; n.This architecture is made of linear, multiplication and division gates. It has�(n) weights and depth �(logn).Lemma12. The VC dimension of recurrent architectures of linear, multiplica-tion and division gates with w weights receiving inputs of length k = 
(logw) is
(wk).Proof. It is similar to that of Theorem 7. In particular, the shattered set S � R�is the same and the class F of functions shattering S is indexed in the same way.Hence we will just sketch the main di�erences with the linear-threshold case inthe implementation of F on a recurrent network. The bit-extracting device inTheorem 7 can be replaced by the following system:x+i = 4xi(1� xi): (8)A value of xi smaller than 1/2 should be understood as encoding the binary digit0 (\reject") and a value larger than 1/2 the digit 1 (\accept"). By Lemma 10, any(�nite) binary sequence can be produced by (8) with a suitable choice of xi(0).This system can be implemented by a subnetwork of two linear gates (computing1� xi and 4xi) and one product gate. It produces an output at every other timestep. Therefore we can only feed an input to the network at every other timestep, too (the gaps in the input sequence can be �lled by arbitrary, meaninglessvalues).The output of (8) should be selected if the current input u is equal to i6=0.By Lemma 11, this can be done (approximately) as follows:e = f�(u; 0; x1; : : : ; x�): (9)Note that the subnetwork implementing this function has depth �(logw), whencethe condition k = 
(logw) in the lemma's statement (we need to add �(logw)dummy inputs at the end of the input sequence). Since the network has to workonly on a �nite set of inputs, the construction will be correct if � is small enough(this can be justi�ed as in [8]).Finally, the output unit accumulates the values of e, starting from the initialstate o = 0. Note that these accumulated values are all (approximately) zero,except at most one of them. This is because any input in the shattered set S ofTheorem 9 has only one non-zero component. And whenever the current inputcomponent u is zero, the function f� in (9) selects the �rst number in the sequence(0; x1; : : : ; x�), that is, 0.In order to implement this on a recurrent network, we have to introduce adelay since meaningful values of e come only at every other time step. Thereforeone would like to write o+ = Id(o) + e (10)



where the identity function Id is implemented by a linear gate. An input wouldbe rejected if the output at time k is smaller than 1/2; it would accepted ifthe output is larger than 1/2. The only problem with this construction is thatthe output unit might accumulate non-zero values of e which occur even beforethe �rst input can be processed. In the proof of Theorem 7 we have checked\by hand" that this problem does not occur. Here we prefer to use instead aspecial-purpose device: we replace (10) byo+ = I(o) + s0e (11)where s0 is designed to output 0 for the �rst few T = O(log �) time steps, and 1thereafter. This can be done with the following system of T +1 units: s+i = si+1for i = 0; : : : ; T � 1 and s+T = sT . These units are initialized as follows: si(0) = 0for i = 0; : : : ; T � 1, and sT (0) = 1.Theorem13. The VC dimension of recurrent architectures of linear and multi-plication gates with w weights receiving inputs of length k = 
(logw) is 
(wk).Proof. The theorem follows from Lemma 12 and the (simple) simulation of net-works with linear, multiplication and division gates by networks with linear andmultiplication gates only ([8]). This simulation applies to feedforward as wellas to recurrent networks. Note that since the length of the longest path in thenetwork increases by a constant factor, it is necessary to pad the input sequencewith O(logw) dummy inputs. This changes only the implied constants in the 
symbols.As in [8], this result makes it possible to prove good VC dimension lower boundsfor a wide class of transfer functions. The most important case is the following:Proof of Theorem 6. Linear and multiplication gates can be simulated by �-gatesas in [8]. The input sequence must be padded by a small number of dummy inputsas in the proof of Theorem 13.5 Final RemarksWe have left several questions unanswered:1. For piecewise-polynomial functions, can one close the gap between theO(kw2) upper bound and the 
(kw) lower bound ?2. This gap is even bigger for the standard sigmoid: O(k2w4) versus 
(kw).A tight bound is probably too much to ask for since even for feedforwardarchitectures there is a gap: O(w4) versus
(w2). A less ambitious goal wouldbe to replace the k2 factor in the upper bound by k.3. For threshold architectures, we have a tight �(w log k) bound for k � w.However this tight bound applies only when k is exponentially larger thanw. It would be interesting to have a tight bound when k is polynomial in w.
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