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Abstract

In this state-of-the-art paper, important advances that have been made during the past five years for both general and
interval type-2 fuzzy sets and systems are described. Interest in type-2 subjects is worldwide and touches on a broad range
of applications and many interesting theoretical topics. The main focus of this paper is on the theoretical topics, with
descriptions of what they are, what has been accomplished, and what remains to be done.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

Type-2 fuzzy sets (T2 FS), which were introduced by Zadeh in [98], are now very well established and (as
shall be demonstrated in this paper) are gaining more and more in popularity. In [51] we find answers to the
following:

1. Why did it take so long for the concept of a T2 FS to emerge? It seems that science moves in progressive ways
where one theory is eventually replaced or supplemented by another, and then another. In school we learn
about determinism before randomness. Learning about type-1 (T1) FSs before T2 FSs fits a similar learning
model. So, from this point of view it was very natural for fuzzyites to develop T1 FSs as far as possible.
Only by doing so was it really possible later to see the shortcomings of such FSs when one tries to use them
to model words or to apply them to situations where uncertainties abound.

2. Why didn’t T2 FSs immediately become popular? Although Zadeh introduced T2 FSs in 1975, very little was
published about them until the mid-to late nineties. Until then they were studied by only a relatively small
number of people, including: [13,14,19,20,63,64,66,86]. Recall that in the 1970s people were first learning
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what to do with T1 FSs, e.g. fuzzy logic control. Bypassing those experiences would have been unnatural.
Once it was clear what could be done with T1 FSs, it was only natural for people to then look at more chal-
lenging problems. This is where we are today.

3. Why do we believe that by using T2 FSs we will outperform the use of T1 FSs? T2 FSs are described by mem-
bership functions (MFs) that are characterized by more parameters than are MFs for T1 FSs. Hence, T2
FSs provide us with more design degrees of freedom; so using T2 FSs has the potential to outperform using
T1 FSs, especially when we are in uncertain environments. Note that, at present, there is no theory that
guarantees that a T2 FS will always do this.

One sign of a vibrant field is its applications. Here we categorize the applications that have appeared in the
literature for T2 fuzzy sets and systems since 2001. For applications prior to that year, see [47, pp. 13-14].

Approximation: [61] (TSK/steel strip temperature); Clustering: [26] (C spherical shells algorithm), [72]
(fuzzy C-means); Control: [40] (marine and traction diesel engines), [75] (integrated development plat-
form), [4] (evolutionary computing/NL dynamic plants), [36] (buck DC-DC converters), [17] (tracking
mobile objects/robotic soccer games), [93] (liquid-level), [81] (proportional control), [25] (autonomous
mobile robots), [24] (autonomous mobile robots/hierarchical), [44] (adaptive control of nonlinear
plants); Databases: [67] (summarization); Decision making: [70] (variation in human decision making);
Embedded agents: [10,11] (ambient intelligent environments); Health care: [27] (clinical diagnosis), [9]
(differential diagnosis), [92] (nursing assessment); Hidden Markov models: [103] (phoneme recognition);
Neural networks: [73] (fuzzy perceptron); Noise cancellation: [3] (adaptive noise cancellation); Pattern
classification: [74] (fuzzy k-nearest neighbor); Quality Control: [45] (sound speakers); Spatial query:
[71] (spatial objects); Wireless communications: [35] (wireless sensors/power on-off control), [77] (wireless
sensor network lifetime analysis).

This paper focuses on advances in T2 fuzzy sets and systems since the year 2001, because earlier works are
already well documented, e.g. [47]. The focus is on theoretical and computational issues. While some issues
have been resolved, many new ones have been exposed, so T2 is a very fertile field for research.

Up until 2001, there was a very heavy emphasis on interval T2 FSs (IT2 FSs) and FLSs (IT2 FLSs), pri-
marily because of their computational tractability. This emphasis has continued; however, interests have also
turned towards more general kinds of T2 FSs and systems. Both T2 paths are covered in this paper. Section 2
covers topics about general T2 FSs and FLSs, and Section 3 covers topics about IT2 FSs and IT2 FLSs. Sec-
tion 4 covers the fuzzy weighted average; Section 5 covers computing with words; and, Section 6 provides our
conclusions.

It is assumed that the reader has some familiarity with T2 fuzzy sets and systems. For a relatively simple
introduction to the former, see [54], and for the latter, see [47,55].

2. General T2 FSs and FLSs

In Section 2.1 we begin by presenting a Representation Theorem for a T2 FS. It is one of the most useful
results in T2 FS theory because it can be used to derive many things that are associated with that theory, both
old and new, in a simple and straightforward manner. Unfortunately, is not useful for computation; hence, the
latter needs to be approached from other viewpoints. As for T1 FSs, the fundamental computations for T2
FSs are union, intersection and complement, and how to compute them, as well as attendant difficulties in
such computations, are discussed in Section 2.2. One of the major applications for T2 FSs is a rule-based
FLS, namely a T2 FLS, which is overviewed in Section 2.3. The major new calculation in a T2 FLS is called
type-reduction; it maps a T2 FS into a T1 Fs, after which it is a simple matter to defuzzify the T1 FS in order to
obtain a number at the output of the T2 FLS. Type-reduction, which is a major bottleneck for a T2 FLS, is
overviewed in Section 2.4, and new ways for computing it are mentioned.

Zadeh [99-101] has introduced the computing with words (CWW) paradigm. Because words mean different
things to different people, Mendel [50,51] has argued that words must be modeled using T2 FSs when com-
puters interact with people and the interactions use FSs. In order to map from T2 FS word models back into
a word, one will need the concept of similarity of T2 FSs, which is discussed in Section 2.5.
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2.1. Representation theorem for a T2 FS

Mendel and John [54] have presented the following new representation for a T2 FS.

Theorem 1 (Representation theorem). Assume that primary variable x is sampled at N wvalues,

X1, Xo,. .., Xy, and at each of these values its primary memlggrships u; are sampled at M; values,
Ui, U, - . ., Uiy, Let A{; denote the jth T2 embedded set! for T2 FS A4, ie.,
Zi = {(xi7 (u{’fx,(u{)))a I/[l/ S {uik’k = 17 cee aMi}7i = l’ cee 7N} (1)

in which f, (u) is the secondary grade at ul. Note that Z{g can also be expressed as
Z{:zNz[ﬁc(”{)/”{]/xn ] € {ug,k=1,..., M} (2)
i=1
Then A can be represented as the union of its T2 embedded sets, i.e.,
-y o)
j=1

N
ny = [ M; (4)

i=1
This representation of a T2 FS, in terms of much simpler T2 FSs, the embedded T2 FSs, is very useful for
deriving theoretical results, as we explain later in this paper; however, it is not recommended for computa-

tional purposes, because it would require the explicit enumeration of the n, embedded T2 FSs and n, can
be astronomical.

2.2. Operations on general T2 FSs

Consider two T2 FSs sets® 4 and B, ie.,

A= /X“ﬁ(x)/x :/X /,uﬂ<">/”1 fx o Je={wu) s € (), Bl € [0,1] (5)
and _
B = /XHB(X)/X = /X /, gx(W)/W] /x, JY={(x,w) :w e [uz(x), az(x)]} € [0,1] (6)

It is well-known [63] that the union of 4 and B is another T2 FS whose MF can be computed from:
Mﬂﬂ:/] ]ﬂWH&WV@WW:m@U%M,xGX (7)
ueJy JweJy

where Ll denotes the join operation. The use of the notation u;(x) U uz(x) to indicate the join between the sec-
ondary MFs pi;(x) and uz(x) is, of course, a shorthand notation for the operations in the middle of (7). What (7)
says is that to perform the join between two secondary MFs, p;(x) and pz(x), v =u vV w must be performed
between every possible pair of primary memberships u and w, such that u € J¥ and w € J and that the sec-
ondary grade of u; 3(x) must be computed as the /-norm operation between the corresponding secondary
grades of p;(x) and p(x), f(u) and g.(w), respectively. Note that at each value of x the join involves T1
FSs (i.e., secondary MFs), and that the join must be computed for Vx € X. If more than one combination

' An embedded T2 FS /is a T2 FS that has only one primary membership at each x;. It is also called a wavy slice [54].
2 Note that (5) means 4 : X — {[a,b]: 0<a<b<1}.
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of u and w gives the same point u V w, then in the join we keep the one with the largest membership grade.
Usually, the maximum #-conorm is used, as suggested in [98,63].

In general, evaluating the join is difficult to do for arbitrary T2 FSs. Karnik and Mendel [28] have shown
that for n convex and normal T1 FSs, F,...,F,, characterized by MFs fl(ﬁ) . Ja(0), respectively, where

filv)) =---=fv,) =1, and the f{0) are re-ordered so that v; < v, < -+ < vy, the MF of U, F;, using max-
imum #-conorm and either minimum or product z-norm, can be expressed as
T fi0) 0<v
o 7 (0) =9 TLSi(0) e <O0<vn 1<k<n-1 (8)

VL f(0) 0>,

Unfortunately, this formula is not so easy to use. Coupland and John [7] have taken a very new and novel
approach to computing the join. Because their approach is also used for computing the meet, we describe
it later in this section. _ _

It is also well known [63] that the intersection of 4 and B is another T2 FS whose MF can be computed
from:

o) = [ [ ke tnfunw = n0 M. xeX o

where M denotes the meetr operation. The use of the notation u;(x) M uz(x) to indicate the meet between the
secondary MFs p;(x) and ug(x) is another shorthand notation, but this time for the operations in the middle
of (9). What (9) says is that to perform the meet between two secondary MFs, p;(x) and pz(x), v =u A w must
be performed between every possible pair of primary memberships « and w, such that ¥ € J¥ and w € J!, and
the secondary grade of u;.3(x) must be computed as the -norm operation between the corresponding second-
ary grades of p;(x) and ug(x), f(u) and g.(w), respectively. This must be done for Vx € X. If more than one
combination of u and w gives the same point u A w, then in the meet (just as in the join) we keep the one with
the largest membership grade.

Note that in (9) there are two z-norms, % and A. Although they are usually chosen to be the same, they do
not have to be. See [78] for very interesting discussions about this.

In general, evaluating the meet is also difficult to do for arbitrary T2 FSs, especially when the product -
norm is used. Karnik and Mendel [28] have also shown that for n convex and normal T1 FSs, Fy,. .., F,, char-
acterized by MFs fi(0),...,f.(0), respectively, where fi(v;) =--- = f,(v,) = 1, and the f}(0) are re-ordered so
that v; < v, < -+ < v, the MF of IM"_| F; using maximum ¢-conorm and minimum ¢-norm can be expressed as

VLO) 0<u
.UM'LIF,(()) = AL0) u <0< 1<k<n—1 (10)

N S(0) 0>,

Unfortunately, it is still difficult to use (10). To-date, no formula that is similar to (10) exits for the product ¢-
norm, which is unfortunate because many applications use product z-norm. When all MFs are Gaussian, then
Karnik and Mendel [28] have an approximation for computing the meet under product -norm, one that leads
to another Gausssian MF, so that the approximate meet is “reproducing’’, and can be expanded in multi-argu-
ment form.

The usual derivations of (7) and (9) utilize Zadeh’s extension principle. Mendel and John [54] show how (7)
and (9) can easily be derived without having to use the extension principle, when 4 and B are represented as in
Theorem 1. These derivations were the first theoretical uses of the new Representation Theorem.

Coupland and John [6,7] have shown how to compute the join and meet of 4 and B using methods from
computational geometry (e.g., a modified Weiler—Atherton clipping algorithm, and a Bentley—Ottman plane
sweep algorithm). Their approach is based on modeling a secondary MF geometrically as a [7] ““set of con-
nected straight line segments that need not be equally-spaced across the domain”, and is limited so far to
the minimum #-norm and the maximum 7-conorm. They distinguish between a partially discrete T2 FS and
a discrete T2 FS. A partially discrete T2 FS is one whose primary variable is discrete (sampled) but whose sec-
ondary MFs are continuous, whereas a discrete T2 FS is one whose primary variable and secondary MFs are
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discrete (sampled). Based on extensive simulations of a two-rule FLS in which each rule has two-antecedents,
and the secondary MFs are discretized into 10 points, and are also described by two line segments, Coupland
and John obtain over a “four and a half fold increase in inferencing speed”. They also state *“. .. that for any
T2 FLS with secondary MFs with five or more discretizations, using a partially discrete model would give a
faster and more accurate system’. This approach to computing operations for general T2 FSs looks very
promising and is continuing.

When secondary MFs are triangular (an interesting compromise between interval secondary MFs and gen-
eral secondary MFs, and one that is also considered by Coupland and John [7]) then Starczewski [78,79] has
shown that “extended 7-norms® of triangular fuzzy truth values may be approximated by triangular fuzzy
truth values as well”. One of the most interesting aspects of Starczewski’s [79] approach is it ... reduces cal-
culations of extended #-norms (a similar approach can be rearranged for s-norms) to computing only the three
characteristic functions: principal, upper and lower. Arbitrary traditional -norms (or s-norms) can be used to
calculate these functions. A tremendously useful feature of this approach is that the resultant MF preserves
triangular shapes of the two arguments, and this way the approximate -norms can be expanded to multi-argu-
ment form. Moreover, for each triangular fuzzy membership grade only three parameters have to be stored
and processed by [a] FLS, instead of tabularized functions as in the general approach”. Another very useful
feature of this approach is that formulas are given for the operations, so that explicit derivative formulas can
be obtained if a triangular T2 FLS is designed (optimized) using a method that requires such derivatives (e.g.,
steepest descent). Starczewski’s results also seem very promising and are continuing. Some additional work by
him for Gaussian T2 FSs is in [80].

In a (singleton) T2 FLS the meet may only have to be computed at a single value of x, namely x = x’.

Definition. In general,
A = {((x,u), 1 (x,w))|vx € X, Vu € J, C [0,1]} (11)
in which u;(x,u) is the T2 MF of 4. By a type-2 fuzzy singleton, we mean a T2 FS for which

/1 x=x

e = { o o (12

In (12), 1/1 (1/0) means that at x = x’, when its primary variable u = 1 (u = 0), the associated secondary grade
equals 1. At all other values of u the secondary grade equals 0; hence, by convention, such secondary grades
are not shown.

Example. The meet between a T2 singleton, Z, and a normal® T2 FS, g’, under minimum and product f-norms
is a widely used operation in a T2 FLS (Section 2.3), and is (for a derivation, see [47, p. 222]):

pp(x) x =¥

1/0 Wx#X (13)

) M) = {

Observe that the meet between a type-2 singleton, A, and a T2 FS, B, sifts out a specific vertical slice of
Uz (x,u), namely uz(x'), the secondary MF at x = x'.

Because it is very easy to compute the complement of A, we do not discuss it here.

Finally, Walker and Walker [§7-89] have many interesting and important mathematical results about join
and meet within the framework of the algebra of truth values of T2 FSs. How these results can be applied is
worth exploring.

3 An extended f-norm is a f-norm obtained by applying the Extension Principle to a T1 -norm. It was the basis for Mizumoto and
Tanaka’s [63] works. B
4 This means the secondary MFs of B reach the value 1.
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Fig. 1. Type-2 FLS.
2.3. Type-2 FLS

A general T2 FLS is depicted in Fig. 1. It is very similar to a T1 FLS, the major structural difference being
that the defuzzifier block of a T1 FLS is replaced by the output processing block in a T2 FLS. That block con-
sists of type-reduction (TR) followed by defuzzification. We will have a lot to say about TR in Sections 2.4 and
3.5.

Consider a T2 FLS having p inputs x; € X1,...,x, € X,
has the form

R': IF xjis F{ and - and x, is F, THEN yis G' [1=1,....M (14)

one output y € Y, and M rules, where the /th rule

This rule represents a T2 relation between the input space X; X ---x X,,, and the output space, Y, of the T2
FLS. Each rule in (14) is interpreted as a T2 fuzzy implication. With reference to (14), let
Fix - xF 11] = A'; then, as is well known, (14) can be re-expressed as

R Fix- xFl—-G=4'-G" I=1,...M (15)
R’ is described by the MF ji (X,0) = (X1, .., %p, ), where’

et (X, 9) = g (X,¥) = [T e (x3)] 11 e (v) (16)
Most generally, the p-dimensional input to R’ is given by the T2 FS A, whose MF is

pa, (X) = M g, (x0) (17)

yvvhere~)~( ; (i=1,...,p) are the labels of the FSs describing the inputs. Each rule R’ determines a T2 FS
B! = A, o R' such that

g () = Wi ort (V) = Usex [z (X) Mpp (x,¥)], VyeYi=1,....M (18)

This equation is the input—output relation in Fig. 1 between the T2 FS that excites one rule in the inference
engine and the T2 FS at the output of that engine. Substituting (16) and (17) into (18), it is straightforward to
show (/=1,...,M):

wp (V) = b1 (v) M {[lee)(l,uf(l (er) Vg (o) 1= 11 [Ug e, g, (3p) T uﬁ;,(xp)]}, vyey (19)

To-date, only the product or minimum 7-norms have been used for the meet, and as we have discussed in Sec-
tion 2.2, it is very difficult to compute the meet for general T2 FSs.

As in the T1 case, fired rule sets are combined either before or as part of output processing, in the latter case
during type-reduction. We return to this later in Section 2.4.

Referring to Fig. 1, in general, the fuzzifier maps a crisp point x = (x,.. .,xp)T eXixXox---xX,=X
into a T2 FS A4, in X. Here we focus on a major simplification of (19) as a result of singleton fuzzification,

3 Derivations of (16)—(20) can be found, e.g. in [47, Chapter 10].
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which is the only case described in this paper, because non-singleton fuzzification may be at present too com-
plicated for general T2 FLSs.

For singleton fuzzification, the join operations in (19) are very easy to evaluate because each p (x;) is non-
zero only at one point, x; = x}; hence (for minimum and product ¢-norms), applying (13) to (19), we find:

i (v) = ug () DM ()], Vy €Y (20)
The term in the bracket on the last line of (20) is referred to as the firing set, i.e.
Firing Set = TF_ pp (x}) (21)

Because piz(x]) is a T1 FS, the firing set is the meet of p T1 FSs.

Note that uz (v) depends upon x = x’, although this dependence is not shown explicitly in the notation
Uz (v); however, when x’ changes uz (1) changes as well. In general, computing uz (y) is very difficult because,
as we have discussed in Section 2.2, it is still very difficult to compute the meet of general T2 FSs. Hopefully,
the new approaches for computing the meet, that were discussed in Section 2.2, will lead to a practical com-

putation of uz ().
2.4. Type-reduction for general T2 FSs

Referring to Fig. 1, we see that the outputs of the inference engine are type-reduced and then defuzzified. A
type-reducer combines all fired-rule output sets in some way (just like a T1 defuzzifier combines the T1 rule
output sets), which leads to a T1 FS that is called a type-reduced (TR) set. Karnik and Mendel [29] have pro-
posed five kinds of TR. Here we briefly review two of them (each of these methods is quite different) because
how to compute the TR set for general T2 FSs is in general quite difficult. We need to understand why that is
so and what new options have recently become available for making these computations more practical.

Centroid TR: To begin, all the fired rule-output T2 FSs, B/, are combined by finding their union, i.e.

B'=B (22)

where
w(y) = up(y) Wyey (23)

in which g (v) is the secondary MF for the /th rule, and pz(y) is given by (20). Centroid TR calculates the
centroid of B.

As another application of the Representation Theorem, the centroid TR set, Y.(x), is simply the union of
the centroids of all the embedded T2 FSs of B. Until very recently, the only way to compute Y (x) was to use
the following procedure. For each x = x":

1. Compute p;(y) using (23). This is possible because w (v) (/= 1,. .., M) will already have been computed for
all y € Y, as in (20).

2. Discretize the y-domain into N points yy,. .., -

3. Discretize each J,, (x’) (the primary memberships of u;(y) at y;) into a suitable number of points, say M;
(i=1,...,N). Let 0;(x') € J,,(x').

4. Enumerate all the embedded T1 sets® of B; there will be []Y.,M; of them.

5. Compute the centroid of each enumerated embedded T1 set and assign it a membership grade equal to the
t-norm of the secondary grades corresponding to that enumerated embedded T1 set.

¢ An embedded T1 set is the domain for an embedded T2 FS (see e.g., (34)).
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Mathematically, this means

Yol¥) = (G (T, (0 L (24a)
_ (Ziwb(x) 24b
. (z%a(x/))k (240

Note that if two or more embedded T1 sets have the same centroid, we keep the one with the largest value of
TV, 1, (0:(x")). Note, also, that in (24a) we must use the minimum z-norm, due to technical reasons that are
explained in [20,47].

This procedure is not very practical because it requires HLM ; centroid calculations, and this number will
in general be astronomical.

A recently-developed much more practical method for computing Y (x), that is based on the fuzzy weighted
average (FWA), is described in Section 4. This method uses a-cuts, an a-cut decomposition theorem [30] and
the KM algorithms (see Section 3.3.3) that were originally developed for computing the centroid of an interval
T2 FS.

Another recent approach for computing Y.(x), based on randomly sampling embedded T2 FSs and com-
puting their centroids [21] gives rise to a significant reduction in the time or resources needed to perform type-
reduction. Greenwood et al. have examples (for four different primary MFs and different discretizations) that
demonstrate the number of embedded sets [randomly] selected only marginally affects the defuzzified value.
Excellent results have been obtained for as few as 10 randomly selected embedded T2 FSs. That such a small
number of randomly chosen embedded T2 FSs can lead to such good results is a surprising result that awaits a
theoretical explanation. Such an explanation is under study.

Center-of-sets TR: Each consequent T2 set, G/, is first replaced by its centroid, Cg (which itself is a T1 set)
and then a weighted average of these centroids is computed. The weight associated with the /th centroid is the
(T1) firing set corresponding to the /th rule namely [see (21)] T, 1M (x}) = E,(x'). Until very recently, the only

way to compute the center-of-sets TR set, Y .s(x’), was to use the following procedure. For each x = x:

1. Discretize the output space Y into a suitable number of points, and compute the centroid Cg of each con-
sequent set on the discretized output space using the brute-force methodology that has just been described
above. These consequent centroid sets can be computed ahead of time and stored for future use.

. Compute the T1 firing set E,(x") = M?_, uz (x}) associated with the /th fired-rule consequent set.

. Discretize the domain of each T1 FS Cg, into a suitable number of points, say N, (/= 1,..., M).

. Discretize the domain of each T1 FS E(x’) into a suitable number of points, say M; (I=1,..., M).

. Enumerate all the possible combinations (d,...,dy, e1(X’),...,ep(x")) such that d, € Cg and
e(x') € E{x'). The total number of combinations will be [],",M;N,.

6. Compute the centroid )" dse;(x')/S 1 ei(xX) of each of the enumerated combinations and assign it a

membership grade equal to the t-norm T, uc_ (di) k)L, g, ) (er(X)).

[ I SN S I\

Mathematically, this means

M
’ _ MiN;
Ycos(X ) = {(6/{7 (T][Vil:uci;/ (dl)*le\il:uE,(x’)(el(xl)))k) 1!‘_:[1‘71 (253)
M
d !
g = 2 o) (25b)
> e(X) &
Because there are exactly MCg and Ef(x’), where M is the number of rules, we can use product or minimum #-
norm in (25a). If two or more combinations of (dy,...,dy, e1(X'),. .., er(x’)) have the same centroid, we keep

the one with the largest value of T’,VLIMCG, (d))* T} i, ) (es(X')). The expression for the center-of-sets TR set is
also called a generalized centroid’ (GC).

7 A GC is a weighted average in which all numbers are T1 FSs. For discussions, see [29] or [47].
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In Step 6 the weighted sum and 7-norm operations in (25a) and (25b) have to be repeated H =1 M N, times.
Although this number is much less than that required for centroid TR, because usually M < N, H 1—1M N can
also be astronomical. Consequently, this procedure also is not very practical.

How to compute Y..s(x) using the FWA is described in Section 4.

How the random sampling method [21] can be used for center-of-sets (and other kinds of) TR also remains
to be explored. Note that a big difference between centroid TR and e.g., center-of-sets TR is that for the for-
mer the primary variable x can be discretized as finely as desired [i.e., N in (24) can be made as large as
desired], whereas for the latter we do not have control over the number of rules M during the TR process.
Whether or not this affects the random sampling method is an open question.

A recent unpublished work [79] that focuses on triangular secondary MFs includes an approximate KM-
like procedure for TR. This is very important if such T2 FSs are to find practical use in applications of T2
FLSs.

2.5. Similarity of T2 FSs

The literature on similarity of T1 FSs is quite extensive, e.g. [5,8,91]. Mitchell [62] was the first to define a
similarity measure for general T2 FSs. Here we summarize his similarity measure, but using the symbols of this

paper. N B B
Given two T2 FSs 4 and B, for which (using the Representation Theorem ) A4 is given by (3) and (2), and
~ "B ~
B=> B (26)
=1
_ N
BE =g, W) /Wil fxg, WhE€ {wpn=1,...,M,} (27)

g=1

Mitchell’s T2 similarity measure, §(Z, E’), _is a weighted average of a T1 similarity measure Sy that is com-

puted for all of the n,4np combinations of 4 and B’s embedded T2 FSs (again, using the Representation The-
: .8

orem), 1.e.

= nZA HZBkaAjk (28)
=1 k=1

where S, can be any of the known T1 similarity measures, the summations are arithmetic, and

T f ) x Ty g, (w))
S T S () % Ty gy, (wh)

A= (29)

How to calculate (28) and (29) other than by direct enumeration of all embedded T2 FSs is an open question.
For IT2 FSs, since all secondary MFs equal one, it is easy to show that A, = 1/n4np, so that

Z > S (30)

Unfortunately, (30) still requires direct enumeration of all embedded T1 FSs so that each Sy can be computed.
S(4, B) in (28) and (30) is a number. An alternative is to treat the summations in these equations as the
union, in which case S (A B) in (28) becomes a T1 FS, namely

np

S(4,B) = U Ua/sio (31)

§ Our statement of his S (4, B) is based on choosing the embedded T2 FSs as in Theorem 1, whereas his statement of S(4, B) is based on
choosing the embedded T2 FSs randomly.
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For an IT2 FS, §(Z , E)in (30) becomes an interval set, namely

— e ng  np
S,B)=JJa/sp) = {Igigsjk,lgﬁxsjk] = [s1,5,] (32)
j=1 k=1 k i

To obtain a single similarity number from either (31) or (32) is simple; just find their centroid. What is still very
challenging is enumerating all of the embedded T2 FSs in order to obtain S(4, E) in (31), or computing s; and
s, in order to obtain S(4, B) in (32).

As mentioned in Section 2.1, in the past, we have found the use of the Representation Theorem very good
for theoretical developments but very poor for computation. The centroid (Section 3.3) is a good example of
this situation. Just as a totally different approach was needed to compute the centroid of an IT2 FS, we con-
jecture that a totally different approach will be needed to compute S(4, B).

3. Interval T2 FSs and FLs

In Section 3.1 we begin by specializing the Representation Theorem to IT2 FSs, because it has been and
continues to be widely used for such FSs. Connections between IT2 FSs and interval-valued fuzzy sets and
non-stationary T1 FSs are described in Section 3.2. The centroid of an IT2 FS is very widely used. Advances
about the centroid, including many of its properties, how to compute it using the KM algorithms (including its
properties), and its bounds (which are in terms of geometric properties of an IT2 FS), are summarized in
Section 3.3. IT2 FLSs are reviewed in Section 3.4, as a prelude to discussions about TR, and how it can be
avoided, which are given in Section 3.5. For IT2 FLSs to become widely used in commercial products, hard-
ware realizations of them must be developed. This is discussed in Section 3.6.

3.1. Representation for an IT2 FS

An IT2 FS 4 is completely described by its lower and upper MFs, w;(x) and fiz(x), respectively. The foot-
print of uncertainty (FOU) of an IT2 FS is described in terms of these MFs, as

FOU(A) = (), () (33)
If X is discrete, then (33) is modified to
FOU(A) = J{mi(), ., 110} (34)

In (34) the ... notation means all of the embedded T1 FSs between the lower and upper MFs. Frequently, (33)
and (34) are used interchangeably without any confusion. The specialization of Representation Theorem 1 to
an IT2 FS is contained in the following:

Corollary 1 (Representation for an IT2 FS [55]). For an IT2 FS, for which X and U are discrete, the domain of
A is equal to the union of all of its embedded T1 FSs, so that A can be expressed as

A =1/FOU(4) = 1/0/1;’ (35)

where A{; is an embedded T1 FS (that acts as the domain for Zfe', j=1,...,ny), ny is given by (4), and
N

Al =Jd/x) )€ ), ()} (36)

i=1

In (33) it is understood that the notation 1/ FOU(Z ) means putting a secondary grade of 1 at all elements in
the FOU(4).

This representation of an IT2 FS, in terms of embedded T1 FSs, is very useful for deriving theoretical
results, as we explain below; however, it is not recommended for computational purposes, because it would
require the enumeration of the n, embedded T1 FSs and n, can be astronomical.
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3.2. Interpretations of an IT2 FS

It turns out that an IT2 FS is the same as an interval-valued FS (IVFS) for which there is a very extensive
literature (e.g., [98], [2, see the many references in this article]). These two seemingly different kinds of FSs were
historically approached from very different starting points, which as we shall explain next has turned out to be
a very good thing.

The IT2 FS has always been considered to be a special case of a general T2 FS; consequently, things that
were developed for the latter were then specialized to the former. Embedded T2 FSs, the Representation The-
orem, type-reduction and centroid all originated for a general T2 FS and were then specialized to an IT2 FS.
They do not appear at all in the IVFS literature.

For a general T2 FS the new third dimension of its secondary-grades is very important, because it provides
additional knowledge about the FS. When all of these grades are the same, as in an IT2 FS, then they convey
no new information, and so for such a T2 FS the third dimension is superfluous. This is why an IT2 FS can be
completely described by its two-dimensional FOU, as in (35). It is this recognition that lets one immediately
connect an IT2 FS with an IVFS. The latter was always approached as two-dimensional.

Gorzalczany (e.g., [19,20]) must be acknowledged as a pioneer in the development of IVFSs. Some of his
diagrams for these FSs look just like those given for a FOU, although he does not call them “FOU”. One of
the most comprehensive treatments of IVFSs is [2]. Some of Bustince’s results about approximate reasoning
are the same as those in [34] which focused on IT2 FLSs; however, Bustince was not constrained by Mamdani
implication, as were Liang and Mendel; hence, there are many more results for a variety of Generalized
Modus Ponen algorithms in his article.

In [2] there is also a section about the similarity of IVFSs. First Bustince defines a normal interval-valued
similarity measure S(A,B) between’ two IVFSs 4 and B, as one that satisfies the following five properties:
(1) S(4,B) = S(B,A) for all 4, B € IVFSs(X); (2) S(D, D¢) =[0,0] for all D € P(X), where D is the comple-
ment of D and P(X) is the class of all crisp sets of X; (3) S(C, C)=[1,1] for all C € IVFSs(X); (4) for all
A, B, CeIVFSs(X), if A< B<C, then S(4,B) > S(4,C) and S(B,C) = S(4,C); and, (5) if
A, B € IVFSs(X), then S(4, B) € [0, 1]. Bustince then shows that

S(4,B) = [Si(4, B),Su(4, B)], (37)

in which Si (4, B) is a T1 similarity measure between the lower MFs of A4 and B, and Sy(4, B) is a T1 sim-
ilarity measure between the upper MFs of 4 and B, satisfies the five properties. There are additional results,
but they are beyond the scope of this paper. What the connection is between the interval similarity measure in
(32) and Bustince’s similarity measure in (37) is an open question.

Garibaldi, et al. [18] have introduced the concept of a non-stationary T1 FS and have proposed that it be
compared with an IT2 FS. According to them: “A non-stationary FS A is characterized by a MF p;(x,1),
where x € X, p;(x,7) € [0,1] and ¢ is a free variable, time—the time at which the FS is instantiated, i.e. ...

A= /ex wy(x, 1) /x (38)

... The three main alternative kinds of non-stationary [for a T1 MF] are variation in location, variation in
slope and noise variation”. For example, let ¢ denote the center value of a T1 MF, and ¢(¢) = ¢ + kf{(¢) denote
a time-varying model for its variation, in which f{¢) is referred to by them as a “perturbation function”, which
may be random, hence the terminology “non-stationary FS”.

When f(¢) is a known deterministic function, then p;(x, ) can be lower and upper bounded, in which case
there is a direct connection between 4 and an IT2 FS. On the other hand, when f{7) is random (a random pro-
cess), then A is a random fuzzy set [39]. Such FSs, that are very different from fuzzy random variables (e.g.,
[1,65]), can be treated as nonlinear transformations of random processes. If the distribution function can
be computed for the now random y; (x, 7), then perhaps lower and upper probability bounds can be established
for each value of a primary variable. These bounds might then be somehow related to the lower and upper
MFs of an IT2 FS. How to carry out such calculations remains to be explored.

° In this paragraph 4 and B denote IVFSs.
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3.3. Centroid of an IT2 FS

The centroid of an IT2 FS, developed by Karnik and Mendel [29], has turned out to be a fundamental con-
cept not only for an IT2 FS and IT2 FLSs but also for general T2 FSs. It provides a measure of uncertainty for
an IT2 FS. In this section, we review the definition of the centroid, summarize its properties, provide the KM
algorithms for its computation, summarize properties of the KM algorithms, show how the KM algorithms
can be used to compute the generalized centroid (a computation that is needed when center-of-sets TR is used,
and also for the FWA), and provide bounds for the centroid that are explicit functions of the geometry of a
FOU.

3.3.1. Definition B

Using the Representation Theorem for an IT2 FS 4, we define its centroid, C;, as the collection of the cent-
roids of all of its embedded IT2 FSs. From (35) we see that this means we need to compute the centroids of all
of the n, embedded T1 FSs contained within FOU(4). The results of doing this will be a collection of 4 num-
bers, and these numbers will have both a smallest and largest element, c,(z ) =c¢; and c,(Z ) = ¢,, respectively.
That such numbers exist is because the centroid of each of the embedded T1 FSs is a finite number. Associated
with each of these numbers will be a membership grade of 1, because the secondary grades of an IT2 FS are all
equal to 1. This means

C;lzl/{clv"wcr} (39)
where'®
N N
€= Vo, E[u4 x, “A xi)] <Z XIHI Z: 61) (40)

= w, E[max (Zxﬁl/ZE),-) (41)

(x1) HA xi)] i—1 —1

and
Xy <X <--- <Xy (42)

The latter is true because x; are sampled values of the primary variable; x; denotes the left-hand (smallest)
sampled value and xy denotes the right-hand (largest) sampled value.'!
How to compute ¢; and ¢, will be explained below in Section 3.3.3.

3.3.2. Properties of the centroid

Since the introduction of the centroid its properties have been studied by Mendel and Wu [60], Liu and
Mendel [38] and Mendel [52]. Here we state the properties without proof, since they provide insights about
the centroid and can also greatly simplify the computation of the centroid.

Property 1 [60]. Let A be an IT2 FS defined on X, andNZ’ be A shifted by'*> Am along X, i.e. Wy (x ) =
and iz (x) = By (x — Am). Then the centroid of A', [c;(A’)Lc,,(A )], is the same as the centroid of 4, [c¢
shifted by Am, i.e. c;(A") = c;/(A) + Am and ¢,(4") = ¢,(4) + Am.

py(x — Am)
1(4), cr(4)],

This property lets us relocate FOU(Z ) to a more convenient place for the actual computations of ¢; and c,,
and demonstrates that it is only the shape of FOU(4) that effects the centroid and not where that shape resides
on the axis of the primary variable.

10 When discretizations of the primary variable and primary membership approach zero, {c,,...,¢,} — [¢n¢.], an interval set. In the
literature about the centroid, it is customary to see (39) written as C; = [¢;, ¢,].

" If Gaussian MFs are used, then in theory x; — —oo and xy — oo; but, in practice when truncations are used x; and x are again finite
numbers.

12 Am may be positive or negative.
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Property 2 [60]

(a) If FOU(A) is amplitude scaled by 2, where 0<2 <1, meaning that FOU(4) — JFOU(4) [i.e.,
Iy (x) = Az (x) and py(x) = Apz(x)] then the centroid is FOU scale-invariant.

(b) If FOU(A) is shifted vertically by a constant amount [i.e., iy (x) = [iy(x) + & and py (x) = p;(x) + 6] then
the centroid is not vertically shift-invariant. B B

(c) If the primary variable x is uniformly scaled to_xly, where y>0 [ie., [iy(x)=pz(x/1) and
Wy (x) = pz(x/A)] then the centroid scales by y to y[c/(A4),c,(4))].

When compared with Property 1 , Property 2 alerts us to the fact that the centroid is not always invariant.
Property 3 [60]. If the primary variable (x) is bounded, i.e. x € [ x1, xy], then cl(Z) > x; and cr(Z) < xp.

Although we cannot compute the centroid in closed form, this property provides bounds for the centroid
that are available from a priori knowledge of the domain of the primary variable.

Property 4 [60]. If LMF(Z ) is entirely on the primary-variable (x) axis, and x € [ xy, xy], then the centroid does
not depend upon the shape of FOU(A) and, as the sampling approaches zero, it equals [ x1, xy].

Any FOU whose LMF is entirely on the primary-variable axis is said to be completely filled-in. This prop-
erty demonstrates that for such a FOU its UMF plays no role in determining the centroid.

Property 5 [52]. If A is symmetrical about primary variable x at x = m, then the centroid of such an IT2 FS is
symmetrical about x = m, and the average value (i.e., the defuzzified value) of all the elements in the centroid
equals m.

Note that by using Property 5, we only have to compute ¢;, because c,( ) =2m — c;( ). This represents a
50% savings in computation. Note, also, that if one is planning only to use the defuzzified value of a symmet-
rical IT2 FS, then to carry out T2 computations is a wasted effort, because the same results could have been
obtained by using T1 calculations. Fortunately (see [52] for a complete discussion), in an IT2 FLS in which
two or more rules are fired this sort of symmetry is not encountered. It is encountered only when one rule
is fired.

Property 6 [60]. If A is symmetrical about m € X, then c¢;(4) < m and ¢,(4) = m.

This property can be combined with Property 3 to provide lower and upper bounds for c,(z ) and c,(Z).
Tighter bounds will be presented below in Section 3.3.5.

Property 7 [29]. It is true that

~ _ L= 1"1:“A (xi) + Efvzlq+lxiﬂ;1 (x;)
Z: 11 (xl) + Zi\/:kLJrlH;l(xi)
)

” Xi Xi + 7, X,‘i“ X;
c(d)=c, =75 “ Hal ik Xl (%) »

Zi:lﬁi(xi) + Ztr":kk+lﬂ/:1(xi)

where ky and kgr are switch points that are computed using the KM algorithms, which are described in Section

3.3.3.

(43)

This property provides us with formulas to express ¢;(4) and ¢,(4), even when k; and kg are not known a
priori.
For our next three properties, we let

ko - N
Zizlxi:“it (x;) + Zi:kﬂxfﬁi (x;)
a— N
Dot () + D0 (i)

C/(k) =
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Property 8 (Location of ¢; [38]). When k= ki, then c(ky) = ¢; and x, < ¢; < Xg,+1.

The continuous version of this property [60] is rather amazing, and is x;, = ¢;, which means that the left-end
switch point equals the left end-point of the centroid.

Property 9 (Location of ¢/(k) in relation to the line y = x; [38]). It is true that c¢(k)> x; when x; < ¢, and
ci(k) < xj when x;.> ¢y

This property does not imply ¢/k) is monotonic on either side of ¢;; but, it does demonstrate that c/k) can-
not be above the line y = x; to the right of ¢,.

Property 10 (Monotonicity of c(k) [38]). It is true that c(k — 1) = cfk) when x; <c;, and ¢k + 1) = c(k)
when x5 > ¢;.

This property shows that ¢(k) is a monotonic function (but not a strictly-monotonic function) on both sides
of the minimum c¢;,.

Properties very similar to Properties 8-10 also exist for ¢,. Simply replace c/(k), ¢;and k; by ¢,(k), ¢, and k¢,
respectively.

3.3.3. Computing the centroid using the KM algorithms

The centroid of an IT2 FS cannot be computed in closed form.'? Instead iterative algorithms developed by
Karnik and Mendel [29], now known as the KM algorithms, are used. We provide statements of these algo-
rithms next. _

KM Algorithm for c¢;(A): The five steps of this algorithm are (1) In (40), initialize 0; by setting
0; = [u3 (%) + 5 (x:)]/2, i=1,...,N, and then compute ¢ =c(0y,...,0y) = S0 x0;/>" 0, (2) Find k
(1 <k <N —1) such that x; < ¢’ < Xgp1. (3) Set 0; = f;(x;) when i< k, and 6, = u;(x;) when i > k+1,
and then compute ¢(k) in (45). (4) Check if ¢(k) = ¢'. If yes, stop and set ¢ k) = ¢; and call k k. If no, go
to Step 5. (5) Set ¢’ = ¢/(k) and go to Step 2.

KM Algorithm for ¢,(A4): Steps 1 and 2 are the same as in the previous algorithm, but they are for (41); (3)
Set 6; = p;(x;) when i < k, and 6; = pi;(x;) when i > k + 1, and then compute

k N _
Zi:lxiﬂi (x:) + Zi:kﬂxiﬂi (x;)
3 N
Db () + D i (x)

(4) Check if ¢ (k) = ¢'. If yes, stop and set ¢, (k) = ¢, and call k k. If no, go to Step 5. (5) Set ¢’ = ¢,(k) and go
to Step 2.

Mendel and Liu [56] have proven that the KM algorithms are monotonically convergent and that they con-
verge super-exponentially fast. Both properties are highly desirable for iterative algorithms and explain why in
practice the KM algorithms have been observed to converge very fast, thereby making them very practical to
use. Prior to these results, the only available convergence statement for them was very pessimistic [29] namely
convergence occurs in at most N iterations where N equals the number of sampled values of the primary var-
iable; as N increases this bound becomes very uninformative.

¢ (k) =

(46)

3.3.4. Generalized centroid
In the following weighted average

EDIEAY
ijvzlwl

if each z; is replaced by an interval set z; € [a;, b;] and each wy is also replaced by an interval set w; € [¢;, d;], then

(47) is called a generalized centroid (GC) and GC is the interval set GC = [y,, y,]. The GC is used to perform

center-of-sets TR, and is also used to compute the FWA. Because z; only appears in the numerator of (47), it is
easy to show that

(47)

Y(Z1y e Zn, Wiy W)

13 One exception to this is the centroid of a fuzzy granule, for which it is possible to compute formulas for both ¢; and ¢, [60].
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N
= vwl:lllgl,l " (Z a,w,/ ; Wj) (48)
N
= WHGI%,X, (Z b WZ/ ; w,-) (49)

Comparing (48) with (40), we see that y; can be computed using the KM algorithm stated above for ¢; in which
x; is replaced by a;, and u;(x;) and fi;(x;) are replaced by ¢; and d;, respectively. Similarly, comparing (49) with
(41), we see that y, can be computed using the KM algorithm stated above for ¢, in which x; is replaced by b;,
and again p;(x;) and f;(x;) are replaced by ¢; and d,, respectively.

3.3.5. Centroid bounds

We have seen that an IT2 FS is characterized by its FOU, which in turn is characterized by its upper and
lower MFs. Wu and Mendel [95] showed that the centroid provides a measure of the uncertainty for an IT2
FS. Intuitively, we anticipate that geometric properties about the FOU, such as its area and the center of grav-
ities (centroids) of its upper and lower MFs, will be associated with the amount of uncertainty in such a T2 FS.
Recently, Mendel and Wu [57] demonstrated that this intuition is correct. They quantified uncertainty bounds
for the centroid of both symmetric and non-symmetric IT2 FSs with respect to such geometric properties.
Using these results, it is possible to formulate and solve forward problems, i.e. to go from parametric 1T2
FS models to data with associated uncertainty bounds. Here we only state results for a symmetrical FOU.

The geometric properties that we shall make use of, for a FOU that is symmetric about m, are Aymp, the
area under the upper MF; A mp, the area under the lower MF; Aoy, the area of the FOU, where

o0

Arou = Aumr — ALvr = 2/ [(x) — p(x)] dox; (50)

m

and, cprou(4), the centroid of half of FOU(4), where

enrou(d) = S xl(x) = ()] dx ¥ x[a(x) — plx)]d
IR — p)] dr droul2

(51)

Theorem 2 [57]. Let [ xy, xy] be the primary domain ofA Then the end -points, ¢; and c,, for the centroid of a
symmetric IT2 FS, A, are bounded from below and above by (Fig. 2).'*

max(xl,c,(A)) < C[(A) < Z‘/(A) (52)

¢ (4) < ¢,(d) < min(c,(4),xy) (53)
where

QV(Z) =m+ [CHFOU(Z) — m}ﬁ (54)

& (1) = m + [enrou(A) — ;IFLO;F (55)

e(4) =2m — ¢.(4) (56)

¢/(4) =2m —¢,(4) (57)

We return to the use of these bounds in Section 5 where they will be used to solve inverse problems, i.e.
going from interval data about a word to a FOU for that word.

4 In general, —oo <x; <xy<oo, e.g. if the primary MF is Gaussian, then its associated FOU extends to oo, in which case,
max(x;,¢/(4)) = ¢/(4) and min(¢,(4),xy) = &(4). For most other FOUs, x; and x are finite numbers, and we need to use the more
complete bounds in (52) and (53).
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Fig. 2. End-points (X) of the centroid [¢;, ¢,] of A for a FOU that is symmetrical about m, and the lower and upper bounds (|) for the two
end-points.

3.4. Interval T2 FLSs

To-date, because of the computational complexity of using a general T2 FS in a T2 FLS, most people only
use an IT2 FS, the result being an IT2 FLS. Unfortunately, there is a heavy educational burden on the prac-
titioner even to using an IT2 FLS. This burden has to do with first learning general T2 FS mathematics, and
then specializing it to an IT2 FS. In retrospect, requiring a person to use T2 FS mathematics represents a bar-
rier to the use of an IT2 FLS. Mendel et al. [S5] demonstrate that it is unnecessary to take the route from gen-
eral T2 FS to IT2 FS, and that all of the results that are needed to implement an IT2 FLS can be obtained
using T1 FS mathematics. Their paper is a very simple way for someone who is new to the field of an IT2
FLS to get into it very quickly.

When all T2 FSs are IT2 FSs, then the firing set (21) and fired-rule output sets (20) are IT2 FSs, and this
simplifies all computations enormously. More specifically, for an interval singleton T2 FLS [34]: (a) the firing
set becomes a firing interval, i.e.

M () = FI(X) = [f1(X), /1 (X)) = [f1 ] (58)
where

UK = gy () gy (3) (59)

FIX) = I () - K () (60)

(b) The rule R’ fired output consequent set, uz (y) in (20), is the IT2 FS

a(y) = /b, yey (61)

‘/b]e [T, per (0)f kg ()]
where iz (v) and pig (v) are the lower and upper membership grades of ug (y).

These results have been very widely used in all applications of IT2 FLSs; however, there still may be a prob-
lem to use an IT2 FLS for real-time applications, because of the computational bottleneck of TR. Various
approaches have been reported on for bypassing TR, some of which are summarized next.

3.5. Type-reduction and bypassing it for IT2 FLSs

When Karnik and Mendel [29] introduced TR they required adherence to the following:
Design requirement: If all sources of uncertainty disappear then a T2 FLS must reduce to a T1 FLS.

This seems like a very reasonable requirement; however, because TR may be a computational bottleneck
even for an IT2 FLS, we need to question whether or not TR is really needed.

While it is true that when all sources of uncertainty disappear, Karnik and Mendel’s TR methods reduce to
their T1 defuzzification counterparts, thereby ensuring that their IT2 FLS reduces to a T1 FLS, this does not



100 J.M. Mendel | Information Sciences 177 (2007) 84-110

necessarily mean that TR is the only way for this design requirement to be met. For example, suppose that we
have computed the union of fired rule output sets, to obtain'’ uz(y) in (23), i.e. [34.471 (N < M)

uz(v) = 1/b, yeY

/bE[L[‘ *pig )V VN ety O Ky 0)IVV PN KTy (7))

Let COG(u3(y)) and COG(fiz(y)) denote the centroids of the LMF and UMF, respectively, of u;(y). Then, we
can define the output of an IT2 FLS, y(x), as

y(x) = wCOG(gz(y)) + (1 = w)COG(i13(y)) (62)

where weight w € [0, 1] and can be tuned during a design procedure. Observe that, when all sources of uncer-
tainty disappear, so that uz(v) = fi3(v) = up(»), (62) reduces to

y(x) = COG (1 (y)) (63)

as required by the above Design Requirement. Similar results can be obtained for other kinds of defuzzifiers

(e.g., center-of-sets defuzzification), and we leave them to the reader. _ _ B
Niewiadomski et al. [67] have defined four other kinds of TR, TR,,(B), TR, (B), TR,.(B) and TR,.,.(B),

where the lower indices mean: opt—optimistic, pes—pessimistic, re—realistic, and rew—realistic-weighted, and:

TRou(B) = p(v) VyeY (64)
TRy (B) = p3(y) Wy ey (65)
TR.(B) = 5 ms(0) + 1aly)] Wy e ¥ (66)
TR,ou(B) = witz(v) + (1 = w)i(y) Wy €Y (67)

Each of the functions in (64)—(67) is a T1 FS. Observe that when all sources of uncertainty disappear, so that
#3(y) = Bp(y) = pp(y), then
TRow(B) = TRus(B) = TR (B) = TRu(B) = 1y(y) Wy €Y (68)
also as required by the above Design Requirement.
Observe also that (62) and (67) look similar, in that they both involve lower and upper MFs of p;(y), but
they are conceptually quite different, i.e. (62) by-passes TR completely, whereas (67) does not. Using (67), we

could of course compute y(x) as, e.g. y(x) = COG(TR,.,(B)).
Gorzalczany [19,20] introduced the following interesting function of'® up(v) and pg(y):

£0) = 3 10) + 0] % {1 - [140) ~ g} e ¥ (69)

in which he calls [it3(y) — pz(v)] the “bandwidth™ of uz(y). He then suggests two ways to compute y(x) from
J):

yi(x) = argmax f(y) (70)

¥(x) = median (/(7) (71)
Observe that when all sources of uncertainty disappear, so that uz(y) = f13(y) = u(y), then

JO) =) ey, (72)

again, as required.
So now it seems that we have numerous ways to bypass TR and obtain a defuzzified output, all of which
satisfy the basic requirement stated above. Which of these ways is best in some sense is an open question.

15" An explicit formula for Uz(v) can be found in [34] and [47, Eq. (10-30)].
16 We are explaining his function using our notation, which is quite different from his notation.
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There is still a problem. For random systems, we usually require both the mean and standard deviation.
The latter is extremely important because it provides a measure of dispersion about the mean, and the larger
(smaller) the random uncertainty, the larger (smaller) the dispersion. Mendel [47, pp. 8-9] argues that we
should not expect less of a FLS, i.e. if we view the defuzzified output of a T2 FLS as analogous to the mean,
we also need a measure of dispersion about the defuzzified output, something that is analogous to standard
deviation. The Karnik-Mendel TR set provides such an uncertainty measure, but all of the above approaches
do not (yet) lead to such a measure. How to obtain a measure (or measures) of uncertainty for TR,,(B),
TR,es(B), TR,.(B), TR,..(B), and f{y) is an open question. If such a measure will require numerical integra-
tion (e.g., like an integrated-squared error), then the computational cost for doing this should be compared
against the computational cost for TR performed using the KM algorithms.

An interesting alternative to inventing new kinds of TR has been provided by Wu and Mendel [95]. In their
approach, they replace TR with lower and upper bounds—uncertainty bounds—for the end-points of the TR
set, and those bounds, which are optimal in a minimax sense, can be computed without having to perform
TR.'” Because these uncertainty bounds have been used in some other approaches to bypassing TR (described
below after (87)), we state them next.

To begin, four centroids (also called boundary T1 FLSs) are defined, all of which can be computed once /'
and /' (/=1,..., M) have been computed. In these centroids, y} and )’ are the left- and right-end points of the
centroid of the ith consequent IT2 FS. These consequent centroids only have to be computed (and stored) one
time after the I'T2 FLS has been designed, since they do not depend upon the input to the FLS. Note, e.g. that
in (73) {LMF,left} refers to the fact that this centroid only uses lower MFs of the firing interval and left-end
point values of the consequent set centroid.

{LMFs, left} : y\”(x) = XM: I XM: f (73)
p p
{LMFs, right} : y!"(x) = i/jfy’r if (74)
Py =T
{UMFs, left} - 3" (x) = ZM;f"y’} / ff (75)
{UMFs, right} : »”(x) :if"yi / iii (76)
Py p

Uncertainty bounds are provided in the following:

Theorem 3 (Minimax uncertainty bounds [95]). The end-points y(x) and y,(X) of the TR set of an IT2 FLS for
the input x, are bounded from below and above by y;(x) < y,(x) < yi(x) and y,(x) < y,(x) < ¥,(x), where:

71(x) = min {3 (x), 5" (x)} (77)
yr(x) = max {3V (x), M (x)} (78)
. Ef\il(]_ﬁ_f) Zfilll(yll —y})z?ilfibf’/” _yl))
Zl(x)_.w(X)_ Ty VR M 1 M ; (79)
Zi:lflzizlj_{l Zf:lff(yl -+ Zi:lfl<yzlw =)
_ S =) SO =y SO = )
X) =YX M =M M 75, v - 80
P00 =20+ [Zilffz,-lfl )+ SO - y;)] 0

Observe that the four bounds in (77)—(80) can be computed without having to perform TR. Wu and Mendel
then approximate the TR set, as

17 In [95] there are detailed derivations of the uncertainty bounds for center-of-sets TR (because it handles non-symmetrical shoulder
MFs better than do other kinds of TR); however, these results are also applicable to other kinds of TR, as explained in [95, Table V].
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(%), 3, ()] & [(:(x) +31(x)) /2, (3(x) + 3:(x)) /2] (81)
and compute the output of the IT2 FLS as
y(x) = %[(zz (x) +3:(x))/2 + (3:(x) +7:(x)) /2] (82)

(instead of as (yAx) + y{x))/2). So, by using the uncertainty bounds, they obtain both an approximate TR set as
well as a defuzzified output. They show that

Corollary 2 [95]. The difference 6(x) between the defuzzified outputs of the TR set and its approximation set for
the input x, which is defined as

2 217 2 + 2

5(x) = () +y.(x) 1 (%) +3i(x)  ye(x) +Yr-(x)] ‘ (83)

is bounded from above as

50 < 16100 — 1(x)) + (%) ~ 3, (9)] (54)

The next theorem helps to justify bypassing TR during the operational stage of an IT2 FLS:

Theorem 4 [95]. For a group of input—output data {x;, yi}ﬁ\]:1 and an IT2 FLS, let the risk function (i.e., the
sample mean of the squared error), Rrg, associated with the TR set [ y(X),y(x)] be given as

o 35 2209 -

and the risk function, R pp, associated with its approximation set [(y;(X) + ¥,(x))/2, (y-(X) + ¥.(x)) /2], be given
as

Ramp :% ZN: {yi _% Fl(x,«) —;y,(x,«) +Xr(Xz‘) ;%(Xz‘)} }2 (36)

i=1

Then

[V~ VRar]| < %J% (1) = (%) + 32(%) ~ 2. (S 57)

1

Beginning with Theorem 3 and Corollary 2, three approaches for eliminating TR have been proposed:

1. Wu and Mendel [95] use TR during the design of the IT2 FLS but then run the IT2 FLS using (77)—(82).
During the design, instead of only using Ryg, they use a weighted average between Rrr and the No*(x;),
i=1,...,N. In this way, they trade off some RMSE with not having to perform TR. The drawback to this
approach is that TR is still performed during the design step.

2. Lynch et al. [40] abandon TR completely. They replace all of the IT2 FLS computations with those in (77)—
(82), i.e. (77)—(82) are their IT2 FLS. Their design of this IT2 FLS is then based on minimizing Rapp. They
found that the errors incurred by doing this are extremely small. This is a very clever approach.

3. Melgerejo et al. [42,43] and Melgerejo and Penha-Reyes [41] have designed a VLSI IT2 FLS chip (see Sec-
tion 3.6). It is also based on (77)—(82), and the Wu-Mendel design and implementation approach; however,
it could also be based on the Lynch et al. approach. Because (77)—(82) are hard-wired, the design stage can
be done very quickly.

Wu and Tan [94] have approached the elimination of TR from a very different point of view. To begin, they
define equivalent type-1 sets (ET1S) as ““the collection of type-1 sets that can be used in place of the FOUs in
a type 2 FLS”. They state: “The key idea behind the proposed type-reducer is to view a T2 set as being
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equivalent to a collection of ET1Ss. TR is then simplified to finding the ET1S corresponding to a particular
input. More specifically, the type-reducer needs to identify the equivalent T1 membership grade (f,,) for each
interval firing-strength. Once the equivalent T1 membership grade has been deduced, the firing set of a T2 FS
reduces to a crisp value and a traditional fuzzy inference engine and defuzzifier can be employed to find the
output of the T2 FLS. In summary, the proposed TR procedure is applied before the inference engine ...”.
Even though they refer to this as a “proposed type-reducer”, it is not actually TR (as they have noted) because
it does not lead to a TR interval; hence, “it does not allow the uncertainties to flow to the inference engine
.00 Tt is, in effect, a new kind of defuzzification strategy that is able to bypass TR. They claim that this
approach is very fast and the ... computational load is reduced because the inference engine behaves like
the one in a T1 FLS”. So far, they have demonstrated this ET1S methodology for a two-input PI controller.
Whether or not this methodology generalizes to more complicated systems is an open question.

3.6. Hardware realization of an IT2 FLS

One of the reasons that T1 FLSs became so widely used is that in the 1980s Takagi developed the so-called
fuzzy chip. This made it possible to implement T1 FL in hardware, which in turn led to commercialization of
FL products. Recently, Melgarejo et al. [42,43] and Melgarejo and Penha-Reyes [41] have proposed a hard-
ware architecture for an already-designed IT2 FLS, one that uses the Wu-Mendel uncertainty bounds as
TR [(77)—(82)] instead of the KM algorithm for TR, and also the minimum #-norm. According to [41], *“ Dis-
tributed arithmetic is proposed for efficiently computing on hardware the type-reduction stage ... [and there is
a] reconfigurable rule base, which is implemented in FPGA (Field Programmable Gate Array) technology.
Results show that the processor performs more than 30 million of type-2 fuzzy inferences per second”.

4. The fuzzy weighted average (FWA) and TR

The FWA is a weighted average involving T1 FSs. It has been studied in multiple criteria decision making
[12,15,22,23,33,37] and is useful as an aggregation (fusion) method in situations where [see (88)] decisions (x;)
and expert weights (w;) are modeled as T1 FSs, or where the decisions are modeled as either crisp numbers or
interval sets, and the expert weights are still modeled as T1 FSs.

Sometimes the same or similar problem is solved in different settings. This is the case for computing the
FWA and the GC of IT2 FSs, which is why we are discussing it in this paper. Consider the following weighted
average:

y_zwixi/zwi_f(Wl,”';mela"'vxn) (88)
i=1 i=1

In (88), w; are weights that act upon attributes (indicators, features, decisions, etc.), x;. In the FWA, Vx; are T1
fuzzy numbers, i.e. each x; is described by the MF of a T1 FS, uy (x;), that must be pre-specified, and Vw; are
also T1 fuzzy numbers, i.e. each w; is described by the MF of a T1 FS, y;, (w;), that must also be pre-specified.
In (88), yis a T1 FS, with MF uy(y), but there is no known closed-form formula for computing z3(y). Instead,
a-cuts, an a-cut Decomposition Theorem [30] of a T1 FS, and a variety of algorithms can be used to compute
uy(y) (e.g., [23,37,33)).

When a-cuts are used to compute the FWA, the complete range of the membership [0,1] of the fuzzy num-
bers is discretized into the following finite number of m a-cuts, «y,...,,, where the degree of accuracy
depends on the number of «-cuts, i.e. m. For each o, the corresponding intervals for X; in x; and W; in w;
are found. The end-points of the intervals of x; and w; (i=1,...,n) are denoted by [a(x;), b(x;)] and [c{a)),
d{a;)], respectively. Using these o-cuts, one computes the corresponding o-cut of y, namely y(«;), i.e.

y(oy) = [f7 (o), fz ()] (89)

py(y) is then computed using y(ay),...,»(,) as follows. Following [30], let 7, (y) denote the indicator
function:
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Uy e lfi (o), fr ()]
L0 ={g g 15 (o). S ()] 0
Then
fy(y) = sup il () o1)

Yoy €[0,1](j=1,...,m)

Liou and Wang [37] were the first to observe that since the x; appear only in the numerator of (88), only the
smallest values of the x; are used to find the smallest value of (88), and only the largest values of the x; are used
to find the largest value of (88); hence,

(o) = min Wiseo o s We, X1y, Xp|0t) = min Wiy ooy Wy @1,y ey dp|ot; 92
fL ( j) xi€ ai(o7),bi ()] f( : ! | j) VWiE[Ci(ﬂ_,)tdiQX/')]f( ! ! | j) ( )
Vwi€lei(o),di(o)]

where

S anl) = S w)as) / > i) (93)

and
(o) = max Wy, X)) = max oWy by, by 94
fR (aj) Vi lar(a) ()] f(wlv Wp,y X1, 3 X |O(j) V\«f;E[C[(xj),di(ac,-)]f(Wl y Wi, D1, ) |aj) ( )
Vwi€lei(oy).di(a)]
where

f(w17 s ’Wn’bl" e >bn|(x_/’) = iwi(x/)bi(@i)/iwi(“j) (95>

Comparing (93) and (95) with the weighted averages in (40) and (41), respectively, we see that they are exactly
the same, provided we set 0; = w{a;) and x; = a(«)) in (40), and 0; = w{x;) and x; = b{a;) in (41). Consequently,
the KM algorithms can be used to compute f;*(«;) and f;(«;). Recently, Liu and Mendel [38] have compared
this approach to computing the FWA with Lee and Park’s Efficient FWA (EFWA) Algorithm [33] because
prior to their work the EFWA was the fastest way to compute the FWA. Their simulations, in which a{«)),
b{a;), c{a;), and d{«;) were chosen randomly, all according to the same probability distribution (e.g., uniform,
exponential, normal, etc.), and n was varied from 2 to 200, demonstrated that for each a-cut, convergence oc-
curred (to within a 97.5% confidence interval) in three iterations, regardless of how many terms were in the
FWA (i.e., n), or how afw;), b{x;), c{o;), and d{a;) were distributed, whereas the EFWA algorithm converged

2 uz(y)

|
b» |

i 2 YN In

> Vi

Fig. 3. Hypothetical combined rule output set for a general T2 FLS. At each y; there is a different secondary MF (blackened figures) that
come out of the page in the third dimension.
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in In n + ¢ iterations, where ¢ depended on the way in which af;), b)), c{;), and d{o;) were distributed. So,
a by-product of T2 works, the KM algorithms, can now be used to compute the solution to a non-T2 problem,
the FWA.

The FWA can also be used to compute the TR set for general T2 FSs. Consider the general T2 FS depicted
in Fig. 3, in which the filled-in figures along the primary-variable axis denote secondary MFs, which can all be
different. Here we are not concerned with how this T2 FS was obtained; we are only interested in how to com-
pute its TR set. Instead of using, e.g. Y.(x) as expressed in (24), we define the TR set as the weighted average of
all of the sampled secondary MFs. This is a FWA in which x; are crisp (they equal y;) and w; in (88) are the
secondary MFs, which are T1 FSs. y(a;) in (89) is the jth a-cut for the TR set, but now in (93) and (95),
afo;) = b{o;) = y;,. How to extend this discussion to other kinds of TR is straightforward and is left to the
reader.

5. Computing with words

In 1996, Zadeh published his first seminal work on computing with words. Since that time entire books
and other articles have been devoted to this important subject. A small sampling of these are
[31,32,46,48,49,84,90,100-102]. Mendel [50] has proposed IT2 FSs as models for words, because words mean
different things to different people, and so a fuzzy set model for words is needed that can capture a measure
of their uncertainty.

In order to establish IT2 FS models for words, we need to collect data about words from a group of sub-
jects. Next, two very different approaches for doing this are described. Both approaches map data collected
from subjects into a parsimonious parametric model of a FOU, and illustrate the combining of fuzzy sets
and statistics—type-2 fuzzistics.'®

In one approach, called the person MF approach [53], we:

1. Collect person MF data (a person-MF is a FOU that a person provides on a prescribed scale for a primary-
variable) that reflects both the intra- and inter-levels of uncertainties about a word, from a group of people;

2. Define an IT2 FS model for a word as a specific aggregation of all such person MFs; and

3. Mathematically model and approximate this aggregation.

This approach is based on six premises:

P1. Uncertainty about a word is of two kinds: (a) intra-uncertainty, which is the uncertainty a person has
about the word, and (b) inter-uncertainty which is the uncertainty that a group of people have about
the word. B

P2. Intra-uncertainty about a word, A, can be modeled using an' IT? person ES, A(pj), where j=1,...,ny4.
Such an IT2 FS is completely described by its person-FOU.

P3. Inter-uncertainty about a word can be modeled by means of an equally weighted aggregation'® of each
person’s word FS, A(p;) (j=1,2,...,ny).

P4. A natural way to aggregate a group of subject’s equally weighted word FSs is by the mathematical oper-
ation of the union."’

P5. When person-MFs have been collected from a sufficient number of subjects, their union will be a filled-in
word FS Ay with associated FOU—the filled-in FOU—FOU(A4y). It is assumed that fill-in has
occurred.

18 This term was first coined in [50].

19 Mendel [53] explains why an IT2 FS leads to a first-order uncertainty model and how difficult it would be to do otherwise; it explains
equal versus non-equal weighting, and why equal weighting again leads to a first-order uncertainty model and how difficult it would be to
do otherwise; and, it also explains other kinds of aggregation and why the union operation seems best.
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P6. A filled-in parametric model, A , for A m 1s one that is described by two functions, a lower MF p;(x) and
an upper MF fi;(x). These functions have shapes that are chosen ahead of time (e.g., triangle, Gaussian,
piecewise-linear, trapezoidal, etc.) and each shape is characterized by a small number of parameters,
some or all of which may be shared by both u;(x) and fi;(x). These parameters are fixed during some
sort of design procedure. B

Observe that mathematical IT2 FS models are only used at the very end of this approach.

Person MFs can only be collected from people who are already very knowledgeable about a FS, and there-
fore other techniques must be established for collecting word data from the vast majority.

In a second approach, called the interval end-points approach [53], we:

1. Collect interval end-point data about a word from a group of subjects;
2. Establish end-point statistics for the data; and
3. Map those statistics into a pre-specified parametric FOU.

This method is analogous in statistical modeling to first choosing the underlying probability distribution
(i.e., data-generating model) and then fitting the parameters of that model using data and a meaningful design
method, e.g. the method of maximum-likelihood. This method is based on the centroid bounds that were
described in Theorem 2 (Section 3.3.5). The details of how to perform Step 3 are in [58] for symmetric FOUs
and are under study for non-symmetrical FOUs [59].

We have mentioned all of this because we believe that IT2 FSs will play a very important role in Zadeh’s
paradigm of CWW, and because much more remains to be done to turn it into an operational reality.

We also wish to mention that Tiirksen and his students, beginning with [68,69], have written on the impor-
tant problem of how to elicit information from a subject and how that information can then be mapped into
the MF of a T1 FS.?° In [84] there are some plots to show that the T1 MFs are lower and upper bounded.
Although Tiirksen does not refer to these plots as “FOUs” for words, nor does he try to directly model this
uncertainty using a T2 FS, the plots are good demonstrations (confirmations) that when MF data are collected
from people, they lead to a FOU.

In a FL rule-based system, not only are there antecedent and consequent words, whose uncertainties have
been modeled using T2 FSs, especially IT2 FSs, but there are also the connector words, AND/OR. Tiirksen
and Yao [85] and Tiirksen (e.g., [82-84]) have argued that it is very important to model the uncertainties of
these two connector words. His approach is based on?' Shannon’s [76] introduction of the disjunctive and con-
junctive normal forms, the DNF and CNF. These forms are used in classical logic for facilitating proofs of
some theorems, or as a tool to simplify complicated logical statements,?* e.g., we could begin with a compli-
cated statement that involves many AND’s and OR’s. Such complicated expressions can actually be simplified
by replacing the AND’s and OR’s by their normal forms, since this leads to an expansion of the original com-
plicated statement and the separate terms in the expansion are simpler than in the original statement.

Tirksen et al. have fuzzified the CNF and DNF to fuzzy CNF (FCNF) and FDNF. Based on the FCNF
and the FDNF each AND (intersection)/OR (union) operation leads to an interval set whose computation
depends on the specific choices one makes for a -norm or a 7-conorm. So, even if antecedent and consequents
are modeled as T1 FSs, when the AND/OR operations are modeled using the FDNF and FCNF operations,
the result will be an IT2 FS. Things seem to get very complicated when there is a chain of AND/OR opera-
tions, as frequently occurs in many FL rules, and no results seem to have been published on how to propagate
such a chain of normal forms.

Using FCNF and FDNF models for the AND/OR operations transforms a T1 FLS into a T2 FLS, and
using them along with interval T2 FS models for rule-words transforms an IT2 FLS into an IT3 FLS [84].
How one actually computes a T3 FS and then goes from it to a number are un-researched questions.

20 See [30] for references authored by other researchers on mapping data into T1 MF models.

2! The author would like to thank Prof. George Klir for providing him with historical information about the DNF and CNF.

22 The author would also like to thank Prof. Gandhi Puvadda, Dept. of Electrical Engineering, University of Southern California, who
has been teaching logic design for decades, for sharing this knowledge with him.
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Other approaches for modeling the uncertainties about the AND/OR connector words, such as*® paramet-
ric t-norms (z-conorms), compensatory AND, and S-OWA operators, preserve all of the mathematics in the
T1 domain. Additionally, when antecedents and consequents are modeled as IT2 FSs and compensatory AND
and S-OWA models are used, then all of the mathematics remains in the IT2 FS domain [97]. Although there
may be some performance advantage to modeling the AND/OR operations to account for their uncertainties,
the additional computation required to implement such a system (it is non-trivial) must be justified.

When FSs are used in the CWW paradigm, then we have argued that, because words can mean different
things to different people (and data collected from subjects supports this), we should model the antecedent
and consequent words using IT2 FSs. An interesting question is “Do the AND/OR connector words also
mean different things to different people?” Experimental psychologists (e.g., [16]) have conducted studies into
these issues and they have arrived at some interesting conclusions, namely: (1) most people have no difficulty
in understanding the AND connector, whereas (2) many people have difficulty in understanding the OR con-
nector (because one must decide whether the OR is inclusive or exclusive). In fact, they have as much difficulty
with OR as they do with logical implication. Based on these human-centered studies, it would seem that the
CWW paradigm does not need to include an uncertainty model for the AND connector, but it may need to
include an uncertainty model for the OR connector. Any uncertainty model should agree with a human’s
uncertainty about the basic words AND/OR because those are the words that they hear (read). As yet, there
is no experimental evidence that logically equivalent models such as normal forms bear a relationship to what
a person hears (reads). Which model is appropriate should somehow be tested on human subjects so that it
will be in agreement with their internal uncertainty models for OR. This remains to be done.

6. Conclusions

Much research has been and is continuing to be done on both general and IT2 FSs. Works on these subjects
are now occurring worldwide. Applications are broadening, and control applications, which were the original
bread-and-butter ones for T1 FLSs, are now a major focus of attention for IT2 FLSs. Additionally, IT2 FSs
are being used to implement Zadeh’s [99] CWW paradigm; but, much more work needs to be done on this.

Only time will tell whether or not taking the step from a T1 FS to a T2 FS has made a significant difference.
What is needed is a mathematical theory that establishes testable conditions for when a T2 FLS will outper-
form a T1 FLS. These conditions will, no doubt, depend upon how much uncertainty is present, and remain to
be developed.

Finally, it is this author’s opinion that any problem that has previously lent itself to T1 FSs, in which MFs
are uncertain, is an excellent candidate for re-examination using T2 FSs.
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