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Abstract: In recent years, many approaches have been investigated
for combinational equivalence checking problem. Despite the huge
size of works, there is no work for combinational equivalence check-
ing dealing with don’t care. In this paper, we propose a method for
combinational equivalence checking with don’t cares. In particular,
our technique proves the logical-consistency of circuits containing
don’t cares. In checking equivalence, we use SAT for equivalence
checking problem instead of using BDDs or simulation. In veri-
fication, there can be false negatives which come from don’t care
space. False negatives can be eliminated using ternary simulation
and model accumulation.
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1. Introduction
Combinational equivalence checking (CEC) is one of the most
widely used technologies [2], [3], [4], [5], [10] in the verification
of digital circuits. During synthesis process, a register-transfer level
(RTL) description, given in e.g. VHDL or given as a set of boolean
expression, is translated into a gate-level description. In this process,
there is a need for checking equivalence of a specification and an im-
plementation because we cannot guarantee to be error free. When F
is an input into synthesis and G is a results of synthesis, we have to
prove the equality F=G to check equivalence of a specification and
an implementation. Most works have met with considerable suc-
cesses in this area, however, there is no research for CEC with don’t
care (X) value. Most methods are suggested and used on the assump-
tion that circuits to be verified do not contain X. In real world, Xs
assignments are frequently used in RTL descriptions for the purpose
of logic minimization, and this requires a need for efficient ways to
deal with Xs during verification. Synthesized designs can be signif-
icantly smaller due to Xs, however, X values can cause verification
to be more complicated.

Although approaches for CEC have not taken X value into ac-
count, several approaches have been suggested for CEC. These tech-
niques are based on BDD, SAT or test generator. Among these, most
widely used technologes are based on BDD. [4]. These approaches
are to build BDDs representation for each function and to compare
the BDDs for identity. But using BDDs exhibits state explosion
problem which is an exponential growth of memory in the size of
function. Therefore, many methods using other techniques instead
of using BDDs have been suggested, and using SAT is one of these
methods that do not explode in terms of memory. Actually, mem-
ory growth is more serious than time growth. SAT-based verification
requires more time to solve the problem, than to allocate more mem-
ory. Furthermore, many researches have been suggested for efficient
SAT solving in recent years. There have been significant advances
in SAT algorithms [8], [9], [10], and many publicly available SAT
solvers [11], [12], [13] are developed. As there have been remark-
able improvements in SAT solving, SAT have been applied to many
areas [14].

This paper suggests a SAT-based method for CEC. In particular,

this technique proves the logical-consistency of circuits with X. We
verify equivalence of a RTL design and a gate-level design. RTL de-
sign circuits contain X values, but gate-level design circuits do not,
hence, it is hard to use exisiting approaches for hardware verifica-
tion. We describe a new method that allows a technique for CEC to
handle X values. In this process, we can encounter false negatives
from X space. We use model accumulation and ternary simulation
to block the false negatives.

The rest of the paper is organized as follows: section 2 addresses
previous methods based on dual-rail encoding to verify equivalence
of a RTL design and a gate-level design. In section 3, we describe
the details of our SAT-based verification methodology. Section 4 de-
scribes how to eliminate false negative which comes from X-space.
Finally, we present experimental results and conclude.

2. Related Work
There are two comparison modes in available formal equivalence

checkers [7], [15]. They are based on how an equivalence checker
compares Xs assignments.

1. Logical-equality mode : In logical-equality mode, all X values
must match exactly between two circuits.

2. Logical-consistency mode : X value in the golden design is
considered a match to 0,1, or X in the implementation design, so
two designs are logically-consistent in every case except the case
which primary outputs (PO) of the two designs have different bi-
nary values.Checking in logical-consistency mode is appropriate in
the verification of a RTL design and a gate-level design, because the
gate-level design does not contain X value. Logical-consistency ver-
ification mode is a weaker concept than logical-equality mode, but
logical-consistency verification can be more important in the real
world.

To check logical-consistency, the concept of dual-rail encoding
[1] can be used. Consider representing a domain 0,1,X. At least 2
bits should be used to describe ternary values. The value of free
variable a can be encoded as 2-arity vector (a.1, a.0). Ternary value
0 is encoded as (0,1), 1 as (1,0), and X as (1,1). Note that (0,0) is not
used. While nodes in RTL design can have three values 0,1,X, en-
coded nodes from using dual-rail have only binary values. One can
use ternary extensions of boolean function as shown in Table 1. Cir-
cuits to be verified are transformed using this encoding, and then the
logical-consistency of two circuits are proved. The method based on
dual-rail encoding is very simple, but using this encoding to verify
the logical-consistency can be expensive and time requirements may
grow by 2 square.

3. Proposed Method
Two Circuits to be checked are combined into a miter to use SAT.

Once the miter is constructed, we transform it into CNF representa-
tion. An SAT algorithm starts by asserting that two circuits to be
verified are not logically-consistent. The SAT solver then searches
through a series of implications and case splitting steps until a so-



Table 1. Dual-rail Versions of Ternary Operations

lution is found. If all choices are exhausted and no satisfying solu-
tion is found, the algorithm proves the unsatisfiability of the CNF
converted from the miter. Thus we can conclude that two designs
are logically-consistent (or logically-equivalent if no X is involved.).
On the other hand, if a satisfying solution is found, then logical-
consistency cannot be established, and we can provide a witness as
a counterexample. Using this concept as a basis, we propose a new
method [16] for combinational equivalence checking with Xs using
SAT.

3.1 CNF Transformation

Given an AND gate c = AND(a,b), we can trace as follows:

This is a well-known transformation, but it is impossible to con-
vert circuits having X values to CNF using only this transformation.
To transform gates with Xs into CNF, we propose the following way.
For simplicity, we assume that circuits contain only AND or OR
gates.

By making assignments to input variables and performing
boolean constraints propagation rule (BCP), we can get an output
value of a gate. The output variable c equals X when the input vari-
able a has 1. The variable c becomes 0 when a has 0. As above, we
generate CNF from OR-gate with X as follows:

For example, the circuits shown in Figure 1 is represented as
(¬c∨a)∧ (d↔c∧b) ∧ (¬e∨d). This formula is translated into CNF
(¬c∨a)∧ (¬c∨¬b∨d)∧(¬d∨c)∧(¬d∨b)∧(¬e∨d)

3.2 Logical-Consistency Checking

In equivalence checking, two circuits are not logically-consistent
if the output of XNOR-gate has 0 in the miter. If the formula in CNF

Figure 1. Circuit with Don’t Care

which is converted from the miter is unsatisfiable, then the two de-
signs are equivalent. In other words, the formula is satisfiable means
that we have the condition which two designs are not equivalent. To
verify the equivalence of a specification (a golden design) and an
implementation (an implementation design), let the specification be
CNF S, the implementation be CNF I, and be formula F≡ S ∧ I
∧ (H ↔ S XNOR I)∧ (¬H). The formula F is unsatisfiable means
that S and I are equivalent, and F is satisfiable means that S and I
are not equivalent. However, the satisfiability of the formula always
does not mean that S and I are not equivalent because of X value.
Consider the following example shown in Figure 2:

Figure 2. Circuit with Don’t Care

It is clear that f and g are logically-consistent. Consider the fol-
lowing Table 2 which represents the values of outputs by make as-
signments to PIs, a and b. Note that PIs can have only binary values.

Table 2. Truth Table for Figure 2

Table 2 shows that g is an implementation of f since g and f are
logically-consistent. That is, if h cannot have the value 0 (h has only
1 or X), then we can conclude that g is an implementation of f. To
verify the logical-consistency, we must prove the unsatisfiability of
the formulaΦ

But, we can find following two satisfying assignments.
(a∧ b ∧ c ∧ f ∧ ¬g ∧ ¬h)
(a∧ b ∧ ¬c ∧ ¬f ∧ g ∧ ¬h)
Having satisfying assignments means that the variable h equals

0 when making assignment 1 to PIs a and b. SinceΦ is assigned
1 when inputs a and b have 1, soΦ is satisfiable. We might think
that g is not an implementation of f becauseΦ is satisfiable. How-
ever, it doesn’t matter which binary value g has, because f equals X.
That is, a solution may come from X space and the solution cause a
false negative which wrongly demonstrates that two circuits are not
logically-consistent. This condition which two designs are clearly
logically-consistent, nevertheless the formula converted from two
circuits is proved to be satisfiable, is calledfake SAT. Fake SAT is
considered as a false negative.

3.3 Blocking Fake SAT

We cannot consider the formula satisfiable when caused by X.
To prevent the false negative, learned clauses must be added to the



original CNF when we encounter the fake SAT condition.Learned
clause is a conflict clause [10] which is a negation of a satisfying
assignment. This clause consists of literals which correspond to PIs.
In the case of Figure 2, the clause (¬a∨¬b) is added toΦ. Con-
sequently, when the SAT solver assigns 1 to the variable a and b ,
the learned clause conflicts. Therefore, SAT solver backtracks to the
previous decision level and continues searching for the next choices.

If a fake SAT is deduced, then we continue searching after adding
learned clause. If all clauses are satisfied which is not fake, we
can conclude that two designs are not logically-consistent. In other
words, when all clauses in the formula are satisfied, extract the val-
ues of variables which correspond to PIs from the satisfying assign-
ment, and assign selected variable values to the PIs of the RTL de-
sign. If the PO value has a binary value, then we can conclude
that the two circuits are not logically-consistent. Or if the PO value
equals X, then a learned clause must be added to the formula because
this condition is fake. Clearly, two designs are logically-consistent
if the formula is proved to unsatisfiability.

Figure 3. Circuit with Don’t Care

Consider the circuits shown in Figure 3. The problem is of check-
ing whether m is an implementation of f or not. We need to check
that h cannot be 0. Table 3 shows that the values of nodes by assign-
ing binary values to PIs. (h equals 1 in other cases which are omitted
from the Table 3.)

Table 3. Truth Table for Figure 3

Since the output of the miter has 1 or X in all combinations of
PI values, g and f are logically-consistent. Consider the formulaΦ
which corresponds to the circuit in Figure 3.

Φ becomes 1 when a, b and c equal 0 and m equals to 1, there-
fore Φ is satisfiable. However, this condition is a fake SAT because
f has the value X in this case. Hence, we add the learned clause
(a∨b∨c∨¬m) to the CNF converted fromΦ.

To check if a solution comes from X space or not, we use a
ternary simulation by making assignment to PIs. If PO value equals
X in RTL design, then we can conclude that the solution comes from
X space. Most SAT solvers provide satisfying assignments, thus
PI values can be extracted from solutions (satisfying assignments).
During the simulation, RTL design circuit is simulated to check
whether the PO values of the design have X. If Xs are assigned to
PO variables, then we must add a learned clause which are extracted
from a satisfyign assginment and search another branches. If POs
have binary values, then searching is terminated because this means

Figure 4. General Architecture of the System

that we find a witness which demonstrates that two designs are not
logically-consistent. The unsatisfiability of the formula means that
two designs are logically-consistent. General architecture of our sys-
tem is shown in Figure 4.

4. Implementation and Experimental Results
We present experimental results based on the preliminary imple-

mentation of our method for SAT-based CEC with X. It was written
in gnu g++ under Unix. The results are reported on a workstation
with UntraSPARC III 750 MHz and 4 GB of RAM. We used Zchaff
[11] for SAT solver and modified this engine to eliminate false neg-
atives. Our system consists of three modules, which are translator,
SAT solver (Zchaff) and simulator. The translator converts a verilog
description into Dimacs CNF file.

After transformation of circuits into CNF, a SAT solver proves
the satisfiability of CNF. A 32-bit parallel vector is used in SAT solv-
ing to improve the performance. Learned clauses are added to CNF
each time when a solution is found. Just as the moment 16 solutions
are gathered, Modified Zchaff calls the simulator. Similarly to the
SAT solver, a bit-parallel operation is implemented in the simulator.
16 cases are simulated at the same time. If all the PO values have bi-
nary values, then the simulator is terminated. As a consequence, we
proves the non-logical-consistency. On the other hand, if PO values
have X, we can conclude this satisfiability is a fake. Therefore, the
operation is transferred to the SAT solver, and keeps searching.

In the following we present experimental results on some rep-
resentative circuits to check the logical-consistency regarding our
proposed techniques proposed. We considered instances from IWLS
benchmark [17]. Each example has 3 versions - original, swept, and
optimized. In our experiments, the original versions are considered
as RTL design circuits, and the optimized as gate-level design. Ac-
tually, two versions are logically-consistent. Several PIs of the orig-
inal version were selected, and X values are assigned to the selected
PIs. We made assignments different number of Xs to PIs for each
instance, and we compared the count of fake SAT.

The results of the experiments are shown in Table 4. Names of
instances are given in the column ”Name”. The column ”PI” gives
the number of PIs, and ”Gates” describes the number of gates of
the RTL design (original version) and the gate-level design (opti-
mized version). The column ”DC” gives the number of PIs which



Figure 5. Experimental Results

are assigned Xs. The column ”Solution” describes the number of
false negatives. The column ”Time” describes the average execu-
tion time. Since we experimented within the timeout limit of 3600
seconds, ”i6” and ”count” were suspended.

The maximum of solutions equals to2n (n : the number of PIs),
but X can be blocked in the middle of circuits easily. Since Xs can
be blocked in the middle of circuits, the actual number of fake SAT
was pretty small in many cases.

While the number of generated variables using dual-rail encod-
ing increases by square of the number of variables in the circuit, the
new method generates the same number of variables as the origi-
nal circuit. Furthermore, if circuits are transformed into CNF using
this method, less clauses are generated, hence, this method requires
the smaller search space. Actually, the performance of the proposed
method depends on the frequency of the fake SAT. The false neg-
atives are affected by the function of circuits and by the variables
which are assigned X. In worst cases, fake SAT can be deduced in
all truth assignments. Of couse, it is possible that all X values can
be blocked in the middle of circuits. To improve the performance of
this method, it is essential to analyze the pattern of fake SATs.

5. Conclusion and Future Work
Combinational equivalence checkers are widely deployed in in-

dustry. We presented a simple framework for SAT-based verifica-
tion. Especially, the proposed method is to verify a RTL design and
an gate-level design. Traditional approaches have been implemented
on the assumption that circuits have only binary values. Therefore,
this technique can be a new approach.

There are several approaches to improve the current method and
the implementation. As previously mentioned, if the pattern of false
negatives can be analyzed, the performance of the proposed method
will be improved. This will be the key to the solution. There ex-
ist other approaches to promote efficiency. Current program use a
ternary simulation to check fake SATs. However, if the X propaga-
tion condition can be stored and represented efficiently, we can im-
prove the performance of our technique. This includes BDDs, CNF
or Graphs. A more thorough investigation on the learned clauses
would be an interesting future subject.
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