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Abstract

This paper presentsthe HDG learning al gorithm,
which uses a hierarchical decomposition of the
state space to make learning to achieve goas
more efficient with a small penalty in path qua-
ity. Specia care must be taken when performing
hierarchical planning and learning in stochastic
domains, because macro-operators cannot be ex-
ecuted balistically. The HDG agorithm, which
isadescendent of Watkins' Q-learningagorithm,
is described here and preliminary empirica re-
sults are presented.

1 INTRODUCTION

Reinforcement learning isageneral tool for deriving strate-
gies that optimize a fixed reinforcement function in a
stochastic environment. A crucia problem in reinforce-
ment learningistemporal credit assignment: how to choose
actions based on good results that happen after (perhaps
long &fter) the action is taken. This problem is solved
well in the general case by temporal difference meth-
ods, such as Watkins Q learning [Barto et al., 1989,
Watkins, 1989] and Sutton’s TD algorithm [Sutton, 1988].

In much of the work on reinforcement learning, however,
researchers have studied a restriction of the problem to
cases of “goals of achievement.” Rather than having an
arbitrary mapping of states of the world to reinforcements
for the agent, thereisasingle“goal” situation at which the
agent must arrive as soon as possible. Goals of achieve-
ment can be modeled in the general reinforcement-learning
framework by having the goal situation generate a posi-
tivereinforcement and all other situationsa zero reinforce-
ment. Because there is a discounting factor built into the
temporal -difference methods, actions that lead to the goal
sooner rather than later will be preferred.

Domains with goals of achievement can be learned more
efficiently by methods that are tailored to this special case.
In previouswork [Kaglbling, 1993b], we discussed the DG
learning a gorithm, which is analogous to Q learning, but

directly suited to goals of achievement. Inthebasic single-
goa case, DG learning is somewhat more effective than
Q learning. The real importance of DG learning is shown
when we consider the case of goals of achievement that
change over time; the common scenario of a taskable de-
livery robot isan instance of thissort of problem. A smple
extensionto DG learning allowsalarge amount of between-
task transfer, making it greatly preferable to Q learning for
thissort of problem, without requiring any complex mech-
anisms.

Unfortunately, the DG learning al gorithmisexpensive, both
in terms of the number of learning instances required to
achieve good performance and in computational time and
space per instance. In this paper, we consider learning to
achieve goasin atwo-level hierarchy. The new agorithm,
HDG, ismoreéefficient than DG in both timeand space; pre-
liminary empirical results show that it learns more quickly
initially, but hasasomewhat sub-optimal asymptotic perfor-
mance. As state spaces become huge, we can use multiple
levels of hierarchy to achieve great performance improve-
mentsthat will, in general, offset adegree of sub-optimality
in performance.

In the following sections we present background material
on Q and DG learning, discuss the nature of our hierar-
chies, define the HDG learning agorithm, and give some
preliminary experimental results. We conclude by compar-
ing this to related work and by considering directions for
future work.

2 QAND DG LEARNING

We assume that a learning agent is embedded in an envi-
ronment in such away that it can discriminate the set S of
distinct world situations and can take the set A of actions
on the world. The world is modeled as a Markov process,
making stochastic transitions based on its current situation
and the actionstaken by the agent. Welet 7'(s, a, ") bethe
probability that theworld will make atransitionto situation
s’ giventhat it wasin situation s and the agent executed ac-
tiona. Inaddition, for each situation s and action a, (s, a)
is the reinforcement value of taking action « in situation s.



In generdl, thisvalue is a scalar random variable; it must
have a stationary distribution, but the same situation-action
pair may have different results on different trials.

21 QLearning

The genera reinforcement-learning problem is typically
stated as finding a policy that maximizes expected dis-
counted future reinforcement. A policy 7 is a mapping
from S to A. The expected discounted future reinforce-
ment of apolicy = in asituation s isdefined as

Z yer(t) |
1=0

where er(t) isthe expected value of the reinforcement ob-
tained at step ¢, given that the agent started in situation s
and executed policy =. The variable v is the discounting
factor; it control sthe degree to which rewardsin the distant
future affect the total value of a policy and is usualy just
dightly lessthan 1.

Given definitions of the transition probabilitiesand the ex-
pected reinforcements, it is possible to solve for the opti-
mal policy, using methods from dynamic programming. A
more interesting case occurs when we wish simultaneously
to learn the dynamics of the world and to construct the pol-
icy. Watkins' Q learning agorithm gives us an elegant and
efficient method for doing this.

Let @*(s,a) be the expected discounted reinforcement for
taking action a in situation s and continuing thereafter with
the optimal policy. It can berecursively defined by
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Because we do not know 7" and er initialy, we construct
incremental estimates of the () valuesonline. Startingwith
Q(s, a) a any value (but typically 0), every time an action
istaken, we update the ) values as follows:

Q(s,a) =(1-—a)Q(s,a)+a(r+7v ?ﬂgﬁ Q(s',a")) |

wherer istheactual reinforcement valuereceived for taking
action @ in situation s, s’ is the next situation, and « is a
learning rate (between 0 and 1).

Given the @ values, there is a policy defined by taking,
in any situation s, the action « that maximizes Q(s, a).
Watkins showed [Watkins, 1989] that, given some assump-
tions, including that every situation-action pair istried in-
finitely often on an infiniterun, the ¢) values will converge
to the true @* values, and hence the induced policy will
converge to the optimal one.

Of course, in any practica situation, as the learned @)
values converge to the true @* values, we will have
to use the policy to control action. But in doing so,
we are in danger of violating the requirement that every
situation-action pair be tried infinitely often. This is an
instance of the exploration versus exploitation trade-off; it

has been treated extensively elsewhere [Kaglbling, 19933,
Thrun, 1992]. In the interest of simplicity in this paper,
we generate actions probabilistically based onthe () values
using a Boltzmann distribution. Given a situation s, we
choose action a with probability

eQ(a,8)/T

ZaEA eQ(a,s)/T ’
This serves to choose actions whose val ues are much better
than the others with much greater likelihood. The temper-
ature parameter 7" controls the amount of exploration (the
degree to which actions other than the one with the best @
value are taken).

2.2 DG Learning

The DG learning method applies only to domainsin which
theaim of the agent isto arrive at some goal situationinthe
least number of steps. We still assume that theworld makes
stochagtic transitions, but the goal is explicitly named and
thereisnoreinforcement function. Theaim of DG learning,
a its smplest, is to arrive at the policy that minimizes
the expected number of steps to the goal. The method is
applicable without change to the case where the goal varies
on linee now a policy is a mapping from S x S to A,
specifying an action to take based on the current situation
and the goal situation.

We define DG (s, a, g) to be the expected number of steps
required to get to situation ¢ from situation s by starting
with action a and continuing with the optimal policy. Itis
conveniently described recursively as

DG*(s,a,9)=0
if s =g and
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otherwise.

Rather than learning 7' then calculating DG, we estimate
DG directly online. Startingwith DG (s, a, g) a any value
(but typically 0), every time an action is taken, we update
the DG values as follows:
DG(s,a,9) = (1—a)DG(s,a,g9)
+ao(l+ mig DG(s',d,q)) ,
a'€

where « isthelearning rate and s’ isthe next situation.

A policy can be directly constructed from the DG values
by choosing, for every current situation s and goal situation
¢, the action a that minimizes DG(s, a, ¢). Although no
theoretical results have yet been devel oped with respect to
thislearning procedure, we conjecture that it can be shown
to converge under restrictions similar to those for the Q-
learning result.

The trade-off between exploration and exploitation is im-
portantin DG learning aswell; we use the Boltzmann distri-
bution to construct action probabilities, though interval es-
timation techniques [K aglbling, 1993al could be employed
for more careful exploration.



2.3 Updating all Goalsin DG Learning

A very simple kind of extra learning step can be directly
added to DG learning. Whenever an action « is taken as
a step from situation s to a goal ¢, we update the value
of DG(s,a,g) by looking ahead one step at the value of
DG(s',d', g) for themaximizing a’. Thislook-ahead pro-
cess hinges on the relationship between s, a, and s’; the
goal isrelevant only for bookkeeping purposes.

We define all-goal s updating mode for DG learning to up-
date DG (s, a,g’) foral ¢’ € S, independent of what goal
was being sought when the action was taken. This updat-
ing mode requires an amount of work linear in the size of
the set of situations; if this cost is prohibitive, a random or
systematically-chosen subset of goals could be updated on
each iteration.

The work that is done in updating al goals will not speed
learning or performance for the particular goal that isbeing
achieved; but it will result in an extremely efficient trans-
fer of knowledge to the achievement of other goals. Singh
[Singh, 1992c] has al so addressed thisissue, but in amore
complex network architecture and for a different class of
goas. We have found that DG learning with al-goals up-
dating performs very well, learning to achieve changing
goa s with an order of magnitude less data than is required
by conventional Q learning [K aelbling, 1993b].

24 Computational Complexity of DG L earning

We areinterested in three compl exity measures of thelearn-
ing algorithms: execution time without |earning, execution
time with learning, and space. Each step, without learning,
requires finding the action with the maximum DG value
for the given start and goal situations; assuming that array
indexing is constant time, thisrequires O(|A|) time, where
A is the set of possible basic actions. If we perform all-
goals updating, it requires an additional O(|S||A|) time per
instance. The DG valuesrequire O(|S]2| A|) space.

3 LANDMARK NETWORKS

When we plan aroute for driving along distance, we don’t
even attempt to find the optimal path; rather, we take advan-
tage of an existing path hierarchy. We plan aroutefrom our
current location to the nearest freeway on-ramp, plan a se-
ries of legson freeway segments, then plan aroutefromthe
freeway off-ramp to our destination. The hierarchica DG
learning a gorithm presented in this paper will usearelated
hierarchical structure known as a landmark network.

Givenaset, S, of situations, alandmark network isspecified
by thetuple (L, N1, N), where . C S is a distinguished
set of landmark situations, N . : S — L isamapping from
each situation to its nearest landmark, and N : L — 2% is
a mapping from each landmark to a set of neighbor land-
marks. For such a structure to make sense, we need a dis-
tance metric on .S; the most useful one would be expected
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Figure 1: Landmark network constructed on a discrete
space

number of steps needed to get from situationto situation us-
ing the optimal strategy. We will not have that information
availabletousinitially, however, so any approximation that
allows us to partition .S into subsets that contain situations
relatively near each other will do. At the end of the paper,
we speculate on how to learn agood landmark structure.

The N function defines a connectivity graph among the
landmarks; it provides an abstract level a which to plan
paths. From alandmark, /, we can choose to move toward
any landmark in N (/). If the graph is highly connected,
then there are lots of aternatives and the routes will be
very efficient. But high connectivity increases the branch-
ing factor of our search, potentially making planning and
learning less efficient.

A landmark network can be constructed for any space of
situations, but navigationin cartesian spaceisagood illus-
trative example because we have a great deal of intuitive
experience with such spaces. One way to construct plau-
sible landmark networks in cartesian space is to use the
Delaunay triangul ation [ Preparata and Shamos, 1985]. The
landmark situations can be distributed in any way over the
space. Then, a Voronoi diagram is constructed on those
landmarks, partitioning the space into regions of situations
that sharethe same closest landmark. Finally, any twoland-
marks whose Voronoi regions touch are connected. Even
in discrete spaces that do not satisfy the triangleinequality,
it is possible to perform an analogous partition. Figure 1
shows a landmark network constructed in this way on a
discrete space. Each square in the grid is a situation; the
ones with circles are landmarks. The light rectilinear lines
indicate the neighborhood boundaries, and the heavy lines
indicate the neighbor relation among landmarks.



4 HDG LEARNING ALGORITHM

Given alandmark network, we can modify the DG learning
algorithmto work inthe hierarchical space; wewill cal this
algorithm HDG for hierarchical distanceto goal learning.
We first describe the interna structures of the agorithm
and how they can be used to select actions, then provide a
method for learning them.

4.1 Acting hierarchically

In adeterministic domain, it is easy to construct hierarchi-
ca navigation agorithms. First you move to the nearest
landmark, then you move along the edges in the landmark
network until you're at the landmark nearest the goal, then
you move to the goa. In stochastic domains, it is more
difficult, because there is no nominal path between land-
marks that can be followed ballistically (using the previous
analogy, it is possible to mistakenly drive off the freeway
at any moment). Therefore, rather than using landmarks as
way-points, we use them as locations to aim for, reducing
the number of possiblegoasfor DG learning. Thiskind of
navigation more closely resembles the navigation done in
sailing or flying rather than navigation on freeways.

The basic operation of the HDG algorithm is as follows:
given acurrent situation s and a goal situation g,

1. Find nearest landmark to s, N L(s), and nearest land-
mark to g, N L(g).

2. If NL(s) = N L(g), then execute the best local action
for gettingfrom s to g.

3. Otherwisg, let [; bethe second landmark on the shortest
path from N L(s) to N L(g).

4. Choose the best loca action for getting from s to /;
and executeit.

In order to support this agorithm we need two data struc-
tures. At the low level, we need to store DG values
from every situation s to every other situation s’ such that
NIL(s) = NL(s"). These values will dlow us to choose
the best actionsto take in final phase of getting to the goa
once in the correct region (step 2 above). In addition, we
need DG vauesfrom every situation s to every landmark in
N(NL(s)); that is, to every landmark that is a neighbor of
the nearest landmark (step 4 above). Atthenext level of ab-
straction, we need to be able to find shortest paths between
landmarks. Wedefinel ({1, I, [3) to bethe shortest distance
from landmark /; to /3 on a path between landmarks that
starts by going to landmark /,, where [, is a neighbor of /5.

D(ly,lp) = main DG, a,l)
forany {; € N(l1). Then,
M(l,lz,13) = D(l1, 1) + n'llinr(lz, li,l3)
and step 3 above can be accomplished by finding the I; €
N(NL(s)) that minimizes
F(NL(s),l;, NL(g)) .
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Figure 2: Policy for achieving goal in bottom center of the
space.

We can rewrite the algorithm more precisely as:

e If NL(s) = NL(g), then execute the basic action «a
that minimizes DG (s, a, g).

o Otherwise, let ; be the landmark that minimizes
M(NL(s),{;, NL(g)) and execute the basic action «a
that minimizes DG (s, a, l;).

This agorithm results in a behavior of aiming toward the
next appropriate landmark; it is rarely the case that the
agent actually goesthrough thelandmark situations, though,
because as soon as a new region is entered, the landmark
toward which it isaiming is changed. Figure 2 shows the
policy derived fromthehierarchical action algorithmforthe
goa indicated by a dark circle in the middle of the bottom
row. The squares highlighted in grey indicate situations
in which this policy disagrees with the optimal low-level
policy. In the upper |eft corner, the error arises because
the shortest path via landmarks includes the landmark in
the middle at the far |eft; rather than aiming straight for the
goal, the policy isaming for that next landmark, resulting
in a perturbation of the path to the left. Similarly, in the
situation just above the goal situation, the policy isaming
at thelandmark inthe next region, rather than straight at the
goa. The policy for thisgoa has more of these deviations
than those for other goals. This may be an artifact of the
simplicity of the domain. Note that these policies are not
explicitly stored, but are computed as needed by the method
given above.



4.2 Learning

The DG values are learned just as they arein the basic DG
algorithm. We perform all-goals updating, but notice that
the space of target goals is much smaler; it encompasses
only the other situationsin the same partition as well asthe
neighboring landmarks.

The I' values are defined as a function of the DG values.
It isdifficult to learning them using a standard incremental
technique, however, because the landmarks are so rarely
actually encountered. Instead, we simply periodicaly re-
computethel” values. We start by setting

M(l1,l3,12) = D(l1, o)
foral I, € N(l1) and setting
M(l1,l2,11) =0

for dl I1,1,, then use a modified version of the Floyd-
Warshall all-sources shortest-paths algorithm [Cormen et
al., 1990] to compute the rest of the " values. Early in a
run, the DG values change very rapidly, so the ' values
should be recomputed frequently; as the run progresses, the
frequency of recomputation can be decreased.

4.3 Computational Complexity

Let | | bethe number of landmarks, | D| be an upper bound
on thenumber of neighborsalandmark can have (thedegree
of the landmark graph), and | P| be an upper bound on the
size of a neighborhood. To execute a single step, without
learning, weneed time O(1) 4+ O(|D|) + O(| A); itrequires
constant timetolook up thetwo nearest landmarksin atabl e,
then time on the order of the degree of the landmark graph
to find the best next landmark, then time on the order of the
number of primitiveactionsto select the best action. When
we add al-goas updating for the DG values, it requires
time O(JA|(|P| + |D])), because we have to find the best
action for every other situation in the same partition aswell
asfor every neighboring landmark. To compute I" values at
constant-timeintervalsrequirestime O(| D|| L|3), so every
execution step takes time O(|D||L|® + |A|(|P| + |D])).
The cost of computing I will tend to be the leading factor,
but its effect can be limited in two ways. In the following
work, the values are recomputed quite rarely, so the cost is
amortized over a large number of steps. If |L| gets quite
large, then it would be appropriate to construct a further
level of hierarchy to reducethiscomplexity; thefinal section
discusses possibilitiesfor doing this.

It requires space O(|S]) to store a table for N L, space
O(|D|]|L]) to store a table for N, space O(|S||A|(|P]| +
|D])) to store the DG values, and space O(|D||L|?) to
store the ' values. So the total space complexity is
O(ISIIAI(IP|+ D) + [DI|LP).

Compared to the DG agorithm, we trade a factor of |P| +
| D| for a factor of |.S| in both time and space and incur
some extra overhead for the abstraction level. In general,
| P| will be approximately equa to |.S|/|L|, and we can

see the tension that arises about the number of landmarks.
The more landmarks, the more expense we incur at the
abstract level, but the smaller the partitions, and hence, the
smaller the DG array and the less work required to update
it. In addition, the more landmarks there are, the better the
paths will be. We can easily limit | D| to a small constant,
then consider how to choose |Z| optimdly. In order to
minimize space, we can choose || = |:S|%/3|A|Y3, giving
space complexity of O(|S|*/3|A). To minimize time, we
can choose |L| = |S|Y/4]A|Y/4, giving time complexity of
O(|SI¥*1A]).

5 PRELIMINARY EXPERIMENTAL
RESULTS

In this section we present some preliminary experimental
results comparing the DG and HDG learning algorithms.
We use the domain shown in figure 1 above. Each location
on the grid is a single situation, and the actions available
to the agent are to move north, south, east, and west. If
the agent tries to move through a boundary, it stays where
it was. The domain is stochastic, with the agent landing
in the nominal square (that is, the square to the north if
the north action is taken) with probability .2; it lands in
each of the squares neighboring the nomina square with
probability .2, aswell. This error distribution was chosen
arbitrarily; informal testing with other error distributi ons
seemed to yield similar results.

The domain has dynamic goal's; as soon asthe agent reaches
the current goal, the goal is moved to a new location cho-
sen uniformly at random. Both agorithms were tested on
runs of length 20,000. For both of them, parameter values
« (learning rate) of 0.4 and 7" (temperature) of 0.1 were
determined through experimentation to be best. The algo-
rithms were compared with these parameter settingson 10
runs of length 20,000. The averaged learning curves for
each algorithm are shown together in figure 3. The HDG
algorithm performs better earlier in the run, but has lower
asymptotic performance. This lower performance is due,
in part, to the fact that paths are constrained by the land-
mark network. It may aso be due to the fact that there is
experimentation taking place at two levelsin the HG ago-
rithm; the Boltzmann distributionis used bothto choosethe
best next landmark and to choose the best low-level action.
Oncethedomainiswell learned, thisextraexperimentation
contributes to dightly degraded performance. We expect
that inlarger domainswith multiplelevels of hierarchy, the
difference between the early performance of DG and HDG
will be considerably gresater.

Both agorithms were implemented quite naively and
straightforwardly. In the HDG algorithm, the I' values
are recomputed every 1000 ticks. The HDG algorithm runs
over 3 times as fast asthe DG agorithm.

TheHDG agorithmwas a so tested on randomly-generated
landmark networks; the results did not vary widely, which
suggests that the method is relatively insensitive to the de-
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Figure 3: Learning curves of DG and HDG algorithmson
stochastic grid world; average of 10 runs of length 20,000

tails of the landmark network.

6 RELATED WORK

The most closely related work, using hierarchies in the
context of reinforcement learning, is that of Singh [Singh,
19923, Singh, 1992b]. Singh addresses the dightly dif-
ferent learning problem of sequential tasks, in which each
of a sequence of subgoals must be achieved in turn. This
task structure induces a natural temporal abstraction hier-
archy consisting of macro operations. This domain hasthe
especially nice property that planning at higher levels of ab-
straction does not result in sub-optimal solutions. Singh's
algorithm learns forward models (transition probabilities
and expected reinforcements) at different levels of abstrac-
tion, then uses Sutton’ sDyna[ Sutton, 1990] technique(also
used by Whitehead and Ballard [Whitehead and Ballard,
1989]) of simulating experience using the models. Hefinds
that learning is much more efficient when updates are per-
formed using models a a higher level of abstraction. The
HDG method appliesto a different class of tasks, in which
thegoa varies over timeand isaparticular low level situa
tion. In addition, the DG and HDG methods | earn without
constructing forward models, with the all-goals updating
on the DG values and the Floyd-Warshall computation of
thel™ values performing the similar function of propagation
information throughout the entire policy.

In his thesis, Lin [Lin, 1993] explores a mode of hierar-
chical learning in which the system first learns el ementary
“skills” from pre-specified reinforcement functions, then
learns how to compose them in order to maximize rein-
forcement at some higher level of abstraction. This work
assumes that the environment is deterministic and that itis
possibleto“reset” theagent by instantaneously movingit to
another part of the state space. Thiswork isdifficultto com-
pare to standard Q learning, because some initia training
on the basic skills must take place. Lin argues, plausibly,
that such training is donein a variety of biological agents,
and might be necessary for artificia agents, aswell.

Finally, Dayan and Hinton [Dayan and Hinton, 1993] have
developed feudal reinforcement learning. It has a strict hi-
erarchy of “managers,” each of whom can dictate subgoals

to managers below them. At every level, the actions are
executed until they terminate, and control is given away
to the lower level as in a subroutine call. This method
works very well in the deterministic domain in which it
wastested. However, in stochastic domains, giving control
away may mean that an entirely inappropriate low-level
behavior is taking place. In addition, as Lin points out, it
can be difficult to find termination conditionsfor low-level
actions. The feuda learning method is more generally ap-
plicablethan HDG, inthat it doesnot rely on having goal sof
achievement; however, the general reinforcement function
is not allowed to change dynamically. The feudal learn-
ing algorithm, as it stands, has potentid difficulty with the
higher level sof abstraction being non-Markovian; however,
the authors conjecture that there are techniques available to
address this problem.

7 FUTURE WORK

Much remains to be done in the exploration of this hierar-
chical approach to learning to achieve goals, both on the
experimental and theoretical levels.

Experimentally, the most convicing validation of the
method will beto apply it to areal-world domain. Two do-
mains from different levels of robotics suggest themselves.
One would be an extension of the pole-balancing domain,
in which the posture of the poleis specified explicitly as a
goal; we could ask the system to keep the pole leaning to
the left, or to stay on the right third of its track. A more
useful problem would be redlistic navigation in an outdoor
or hallway environment in which exact locations cannot be
sensed reliably.

There has been some recent work on approximation algo-
rithms for shortest path problemsin cartesian space [Klein
and Sairam, 1992]. It may bepossibleto usetheseor related
resultsto show that, in certain kinds of domains, the optimal
pathsin the hierarchical models are within a constant factor
in length of the optimal pathsin the lowest-level model.

We have only explored a single level of hierarchy in this
paper. It is clear how to continue this process: a set of
level 2 landmarks can be chosen, inducing a clustering on
thelevel 1 landmarks. Rather than havingtolearn I” values
for every pair of level 1 landmarks, the algorithm can learn
them only within neighborhoods, as is done currently with
DG vaues. Multiple levels of hierarchy will have to be
introduced as state spaces get extremely large.

Finally, we have a bootstrapping problem surrounding the
partitioning of the space; getting a useful partition presup-
poses much of the knowledge required to generate a good
strategy. Asthe DG values are learned, the algorithm can
revise its partition of the space and the neighborhood rela-
tion. In addition, it might be possible to move landmarks
dynamically or to add and delete them. One suggestion,
due to Chris Watkins, would be to notice landmarks that
arerarely chosen as next steps and del ete them, adding new
landmarksin more useful places.



In order to make learning to achieve goas more practical,
we must understand how to do it hierarchically. This paper
has presented an initial practical step inthat direction.
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