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Abstract

A new Estimation of Distribution Algorithm(EDA) 
based-on Gaussian Mixture Model (GMM) is proposed, 
in which boosting, an efficient ensemble learning 
method, is adopted to estimate GMM. By boosting 
simple GMM with two components, it has the ability of 
learning the model structure and parameters 
automatically without any requirement for prior 
knowledge. Moreover, since boosting can be viewed as 
a gradient search for a good fit of some objective in 
function space, the new EDA is time efficient. A set of 
experiments is implemented to evaluate the efficiency 
and performance of the new algorithm. The results 
show that, with a relatively smaller population and 
less number of generations, the new algorithm can 
perform as well as compared EDAs in optimizing 
multimodal functions. 

1. Introduction 

Estimation of Distribution Algorithms (EDAs) are 
population-based search algorithms that use a 
probabilistic model to estimate the promising area of 
best solutions in the solution space, then use the 
estimated model to guide the search of optimal 
solutions[1]. The EDAs have been proved to be 
efficient in both combinatorial[2] and continuous 
optimization[3].

Most EDAs for continuous optimization use the 
Gaussian probability density function(pdf) to model 
the promising area of solution space. Early EDAs[3]

model each variable with one Gaussian pdf and assume 
that there is no interaction among variables. These 
univariate models are not suitable for complex 
problems with interdependences among variables. 
Because Gaussian Mixture Model(GMM) can depict 
the interdependences among variables, it is adopted by 
many later continuous EDAs[4][5][6]. The learning task 
of GMM includes two parts: model structure learning 
and model parameter learning. In previous EDAs, the 
two parts are implemented separately and executed 
iteratively as two learning tasks with different 
evaluation criteria, which is time consuming. Usually 
clustering techniques are adopted by previous EDAs to 
estimate the Gaussian Mixture Model. The clustering 
algorithms usually require prior knowledge, either a 
predefined cluster number[6] or an minimal distance 
between different clusters[4]. But this prior knowledge 
can’t be available during the procedure of EDAs. In 
[5], the authors used another clustering method, Rival 
Penalized Competitive Learning (RPCL) [7], which 
could detect the real number of clusters with little prior 
knowledge. In RPCL, the assigned number of clusters 
must be bigger than the true number of clusters, the 
low-bound and upper-bound of the number of clusters 
must be estimated beforehand, which is infeasible in 
EDAs. In fact, all the EDAs incorporating clustering 
techniques divide the probability density function 
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estimation into two steps: cluster the selected samples 
and estimate the distribution.  

In this paper, a new continuous optimization 
algorithm based on Gaussian mixture model is 
proposed. Different from previous algorithms, the new 
algorithm adopts an efficient ensemble learning 
method, boosting, to estimate GMM[8]. The most 
important advantage is that it can implement the model 
structure and parameter learning simultaneously and 
automatically without any requirement for prior 
knowledge of data distribution. Our motivation is to 
construct an EDA that has fewer requirements on 
preset parameters of algorithm, and thus is more easy 
to use. By using boosting technique, the proposed 
EDA needn’t do clustering and requires no prior 
knowledge. In addition, because boosting can be 
viewed as a gradient descent search for a good fit in 
function space[9], the new EDA is time efficient. The 
algorithm is evaluated and compared with other EDAs 
on a set of selected functions for efficiency and 
performance. The results show that, with a relatively 
smaller population, our algorithm can perform very 
well on all selected functions. 

The rest of this paper is organized as follows. 
Section 2 introduces the continuous EDA based on 
boosting estimation of GMM. Section 3 presents the 
experiment results on a set of functions to assess the 
performance of the proposed EDA. Section 4 gives the 
conclusion and discussions. 

2. Continuous Optimization based-on 
Boosting Estimation of GMM 

Boosting is one of the most important 
developments in ensemble learning methodology, 
which incrementally builds a linear combination of 
“weak” learners to generate a “strong” learner. Mason 
et al. showed that boosting could be viewed as gradient 
descent on an appropriate cost function in a suitable 
inner product space[9]. Rosset et al. successfully 
applied the boosting methodology to the unsupervised 
learning problem of density estimation and proposed a 
general boosting density estimation framework[10].

Gaussian Mixture Model (GMM) has been widely 
used in modeling multi-modal distributions. Usually 
the EM (Expectation Maximization) algorithm is an 
effective method to find the optimal parameters of 
GMM. But EM algorithm still has some limitations:1) 
It assumes that the number of components is known, 
which is not the case in the estimation task in EDAs. 2) 
It is sensitive to the initial parameters, which makes it 
easily get trapped in local maxima of the likelihood 
function.

By using simple GMM consists of small number 
(2 in this paper) of components as the base weak 
hypothesis, S. Xubo et al. proposed a Boosting-GMM 
algorithm for density estimation as shown in Figure 
1[8]. Step 2(b) is implemented as follows: first, we sort 
the original samples according to their weights tW ,
then select some proportion of samples with largest 
weights to learn GMM. 

Given dataset 
1 2{ , , , }NX x x x

1. Set )(0 xG  to uniform on the domain of x
2. For t = 1 to T 

(a) Set 1( ) 1 ( )t i t iW x G x
(b) Sample the original dataset according to 

tW and using EM algorithm to do GMM 
estimation on the sampled dataset, then 
output the result 

tg
(c) Let  1(1 )t t t t tG G g

1argmin log((1 ) ( ) ( )t t i t ii
G x g x

3.  Output the final model TG
Figure 1. Boosting-GMM algorithm 

In EDA framework, by using the Boosting-GMM 
algorithm to estimate the probability density function, 
we get the Boosting-GMM based EDA (BGMMEDA), 
as shown in Figure 2. At every generation, the 
structure of a GMM is learned automatically along 
with the learning of the model parameters, no prior 
knowledge about the number of components and no 
clustering procedure are needed, that make 
BGMMEDA different from the previous EDAs that 
use Gaussian mixture model. 

1. Generate N individuals randomly
lD

2. For 1, 2,l  until some termination criteria 
is reached 
a) Select 

eS N individuals from 

1lD 1
eS

lD
b) Using Boosting-GMM to estimate the 
probability density function based on 

1
eS

lD ( )lp x
c) Sample N individuals from ( )lp x lD

Figure 2. BGMMEDA 

To illustrate the ability of automatic structure 
learning of the algorithm, it is used to optimize a 2-
peak function(Func.3 in section 3), and the 
intermediate states of different generations are 
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monitored. Figure 3 shows the newly sampled 
individuals according to the GMM estimated at 
previous generations. It can be seen that:1) the number 
of components of GMM changes during the evolution 
process, 2) the true number of components can be 
captured correctly by the algorithm. 

(a)        (b) 

(c)        (d) 
Figure 3. Distribution of individuals at generation 

 (a)1, (b)35, (c)45, (d)50 

3. Experimental Analysis 

Five test functions are selected to evaluate the 
performance of BMMEDA. The settings of the 
functions are shown in Table 1. 
Func.1: Sphere 2

1
( )

n

i
i

F x x

Func.2: SumCan  
5

1 1 1
1

( ) 1 /(10 | |), , , 2 .
n

i i i i
i

F x y y x y x y i

Func.3: TwoPeaks 2

1
( ) ( , , )i i ii

F x N x .

Func.4: TreePeaks 3

1
( ) ( , , )i i ii

F x N x .

Func.5: Shekel (n = 5) 
1

1

( ) [( )( ) ]
n

T
i i i

i
F x x a x a c

Table 1. Settings for the five functions 
 Dim Domain Type Optimum

Sphere 30 [-100,100] Min 0 
SumCan 10 [-0.16,0.16] Max 100000

TwoPeaks 5 [-100,100] Max 10.1053
ThreePeaks 5 [-100,100] Max 10.1053

Shekel 4 [0,10] Max 10.1053

Experimental results are compared with that of 
three other EDAs: UMDAc, EGNA, and CEGDA. We 

denote the number of individuals in each generation 
Population, the number of promising solutions 
selected from individuals in the population Selection.
The value of Population and Selection of each 
algorithm are set as shown in Table 2. For CEGDA, 

0.05c , 0.002r . The simple GMM that we used 
contains only 2 components. 

Table 2. Settings for the test EDAs 
Algorithms Population. Selection.

UMDAc 1000 500 
EGNA 1000 500 

CEGDA 2000 500 
BGMMEDA 600 300 

We run our algorithm 30 times independently on 
each function. The final results are the averages, which 
are shown in Table 3-7, it can be seen that with a 
smaller population and fewer generations, our 
algorithm can also perform very well compared with 
the other EDAs. The results of the three other EDAs 
are from [5]. 

Function Sphere is easy for all the four EDAs and 
the results are all good. Since, in this problem, the 
variables are independent between each other, 
UMDAc, which assumes single Gaussian distribution 
and considers no interdependencies, has the best 
performance.  

Function SumCan is also a unimodal function, but 
the variables are interdependent. Among the four 
EDAs, UMDAc performs badly because it doesn’t take 
any interdependencies into account. Our algorithm 
outperforms CEGDA with a smaller population. 
EGNA performs slightly better than our algorithm, but 
it takes more generations and uses a larger population. 
In experiment we find that if we search 150 
generations, we can reach the global optimum every 
time. 

TwoPeaks, TreePeaks and Shekel are all 
multimodal functions. They all have one global 
optimum with one or several local optima. From Table 
5,6,7 we can see that BGMMEDA outperforms 
UMDAc and EGNA, and perform as well as CEGDA. 
BGMMEDA can reach the global optimum almost in 
every run, especially on the TwoPeaks function. 

Table 3.  Experimental Results (Sphere) 
Algorithm Gen Best Mean Std 
UMDAc 200 1.88e-16 3.24e-16 5.59e-17
EGNA 200 5.86e-10 1.20e-9 3.40e-9

CEGDA 100 3.38e-8 3.41e-6 8.40e-7
BGMMEDA 100 8.32e-12 0.00161 0.00564
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Table 4.  Experimental Results (SumCan) 
Algorithm Gen Best Mean Std 
UMDAc 200 698.72 221.771 116.101
EGNA 200 100000 100000 0

CEGDA 100 99834.5 99748.1 63.2197
BGMMEDA 100 99925 99875 24.174

Table 5.  Experimental Results (TwoPeaks) 
Algorithm Gen Best Mean Std 
UMDAc 400 10.1053 9.6327 0.1073
EGNA 400 10.1053 9.8324 0.0828

CEGDA 200 10.1053 10.0999 5.92e-3
BGMMEDA 100 10.1053 10.1053 6.37e-5

Table 6.  Experimental Results (ThreePeaks) 
Algorithm Gen Best Mean Std 
UMDAc 400 5.05266 5.05266 8.88e-16
EGNA 400 5.05266 5.05266 8.88e-16

CEGDA 200 10.1053 10.1048 7.99e-4
BGMMEDA 100 10.1053 10.1030 0.01022

Table 7.  Experimental Results (Shekel) 
Algorithm Gen Best Mean Std 
UMDAc 400 5.1877 4.7331 0.7406
EGNA 400 8.2036 4.9691 0.7786

CEGDA 200 10.1033 10.1033 8.88e-15
BGMMEDA 100 10.1033 10.1031 8.91e-4

4. Conclusion 

Learning probabilistic model is the key step in 
EDAs. For complex problems, complex models that 
can describe the interdependences among variables are 
necessary. For these complex models, the learning task 
includes two aspects: parameter learning and model 
structure learning. In previous EDAs, the two aspects 
are usually implemented separately, which makes the 
model learning an inefficient process. In this paper, a 
new EDA for continuous optimization is proposed. 
The novel contribution is that it introduces the 
boosting technique into the density estimation in EDA. 
The most important advantage is that it can implement 
the model structure and parameter learning 
simultaneously without any requirement for prior 
knowledge of data distribution.
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