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Abstract Robotic perception is fundamental to important application areas. In the
Joint Research Project DESIRE, we develop a robotic perception system with the
aim of perceiving and modeling an unprepared kitchen scenario with many objects.
It relies on the fusion of information from weak features from heterogenous sensors
in order to classify and localize objects. This requires the representation of wide
spread probability distributions of the 6D pose.

In this paper we present a framework for probabilistic modeling of 6D poses that
represents a large class of probability distributions and provides among others the
operations of fusion of estimates and uncertain propagation of estimates.

The orientation part of a poseis described by a unit quaternion. The translation part
is described either by a 3D vector (when we define the probability density function)
or by a purely imaginary quaternion (which leads to a prepresentation of a trans-
form by a dual quaternion). A basic probability density function over the posesis
defined by a tangent point on the 3D sphere (representing unit quaternions), and a
6D Gaussian distribution over the product of the tangent space of the sphere and of
the space of trandations. The projection of this Gaussian induces a distribution over
6D poses.

One such base element is called a Projected Gaussian. The set of Mixtures of Pro-
jected Gaussians can approximate the probability density functionsthat arise in our
application, is closed under the operations mentioned above and allows for an effi-
cient implementation.
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1 Introduction

Asabasictool in robotic perception, probability density functions of 6D poses need
to berepresented. In order to be able to represent and process weak information from
imperfect sensors, widely spread densities need to be covered by the representation
and the inference mechanisms.

The more critical part in the representation of arigid transform is the rotation. The
requirements concerning the parameterization of the rotation are contradictory, but
our design goal isto satisfy them as well as possible:

e Unique: There should be only one representation for each orientation

e Minimal: The rotation should be represented with few parameters

e Composable: There should be an easy way to derive the parameters of the com-
posed rotation from the parameters of two rotations in the composition

e Smooth: The rotation should be an at least continuous, or better still a differen-
tiable function of the parameters.

e Distance and area preserving: Properties like areas or distances in the parameter
space should be preserved under rigid transform. Thisisimportant when we deal
with probability density functions over the rotations or transforms.

Theformalism for the probability density function of the 6D poses should satisfy
the following properties:

e Coordinate System Independent: A coordinate change should only change the
argumentsto the pdf, not the structure or the parameters of the pdf.

e Information Fusion: Theformalism supportsthefusion of two probability density
informations (for example maximum likelihood estimation).

e Information Propagation: The formalism supports the propagation of uncertain
information (i.e. a pose estimate) through an uncertain transform.

e Therepresentation of the pdf uses not too many parameters, much fewer than for
example a particle set.

Since each position and orientation w.r.t a given coordinate system is the result
of atranslation and arotation. Position and translation can be and will be used syn-
onymously in this paper, as well as orientation and rotation. Also, pose and (rigid)
transform are used synomymously.

In Section 2 we will recapitulate various approaches to the parametrization of
rigid transforms and corresponding probability density functions. None of them ful-
fills al requirements listed above, but they provide ingredients to our synthesis. In
Section 3 we will present our approach to probability density functions over rigid
transforms. In Section 4 we will recollect the presented system and indicate direc-
tions of future work.
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2 Previous Work

The representation of rigid transforms, and especially of orientation, in 3D isacen-
tral issue in avariety disciplines of arts, science and engineering, and contributions
from various disciplines are available.

The most popular representations of a 3D rotation are rotation matrix, Euler angles,
Rodrigues vector and unit quaternions. For rotation matrices, renormalizationis dif-
ficult, Euler angles are not invariant under transforms and have singularities, and
Rodrigues vectors do not allow for an easy composition algorithm.

Stuelpnagel [9] points out that unit quaternions are a suitable representation of rota-
tionsin 3D with few parameters, but does not provide probability distributions.

Choe[7] representsthe probability distribution of rotations viaa projected Gaus-
sian on atangent space. However, he only deal s with concentrated distributions, and
he does not take trandlations into account.

Goddard and Abidi [4, 5] use dua quaternions for motion tracking. They also
capturethe correl ation between rotation and translation. The probability distribution
over the parameters of the state model is auni-modal normal distribution. Thisisan
appropriate model if theinitial estimateis sufficiently certain, and if theinformation
that isto be fused to the estimate is sufficiently well focused. Dual quaternions pro-
vide a closed form for the composition of rigid transforms, similar to the transform
matrix in homogeneous coordinates (see also Kavan et a. [13]).

Antone [6] suggests to use the Bingham distribution in order to represent weak
information. However, he does not give a practical algorithm for fusion of informa-
tion or propagation of uncertain information. Also, Love [10] stetes that the renor-
malization of the Bingham distribution is computationally expensive. Furthermore,
it is not (yet) clear to us how the Bingham distribution for rotations could be ex-
tended to rigid transforms.

Mardia et a. [12] use a mixture of bivariate von Mises distributions. They fit
the mixture model to a data set using the EM algorithm. This allows for modelling
widely spread distributions. However, they do not treat translations.

In general, the Jacobian is used to propagate the covariance matrix of a random
variable through a non-linear function. Kraft et al. [11] use an unscented Kalman
Filter - this technique could be applied also in our setting. However, it would have
to be extended to the mixture distributions.

From the analysis of the previous work, we synthesize our approach as follows:
We use unit quaternionsto represent rotationsin 3D, and dual quaternionsto obtain
aconcise algebraic description of rigid transforms and their composition. The base
element of a probability distribution over the rigid transformsis a Gaussian in the
6D tangent space, characterized by the tangent point to the unit quaternions and
the mean and the covariance of the distribution. Such a base element is caled a
Projected Gaussian. We use mixtures of Projected Gaussians to reach the necessary
expressive power of the framework.



4 Wendelin Feiten, Pradeep Atwal, Robert Eidenberger, Thilo Grundmann

3 Pose uncertainty by Mixtures of Projected Gaussian
distributions

We assume that the quaternion as such is sufficiently well known to the reader. In
order to clarify our notation, at first some basics are restated.

3.1 Quaternions

Let H be the quaternions, i.eH = {q/q=a+ib+ jc+kd} , where aisthered part
of the quaternion, and the vector v = (b, c,d) is the imaginary part. The imaginary
units {i, j,k} havethe propertiesi? = j> =k? =ijk= —1,ij =k, jk=i,ki = j. The
quaternions can be identified with R* via the coefficients, q = a+ib+ jc+kd ~
(a,b,c,d). The norm of a quaternion is defined as ||q||? =a® + b? + ¢® + d?, the
conjugate of a quaternion as q* = a—ib— jc — kd .With the above properties of
quaternionswe have ||q||? = g+ q*.

Analogously to the way that unit complex numbers z = cos(¢) +isin(¢) = e'¢
represent rotationsin 2D viathe formula p,ot = zp for any point p € C, unit quater-
nions represent rotationsin 3D.

A point (p1, p2, p3) in 3D is represented as the purely imaginary quaternion

p=ip1+ jp2+ kps; arotation around the unit 3D axis v by the rotation angle 6
is given by the quaternion

g=cos(0/2)+sin(0/2) (ivy+ jva + kvs).

Therotated point is obtained as prot = q* p*q* . Clearly, g and —q represent the
same rotation, so the set U of unit quaternions is a double coverage of the special
orthogonal group SO(3) of rotationsin 3D.

The set U of unit quaternions is identified with the 3-dimensional unit sphere
Ss in R*, and probability density functionson U are defined by probability density
functionson Sz.

3.2 Base element

For asufficiently expressive set of probability density functions on the rotations we
choose a mixture of base elements.

Each base element is obtained by projecting a Gaussian distribution defined on
atangent space onto the sphere of unit quaternions. This techniqueisillustrated in
Figure 1 for the example of a 1-dimensional unit spherein R 2. Note that the peaks
are lower due to renormalization.

Definition 1: Let S3 be the 3-dimensional unit sphere in R* and rg be an ar-
bitrary point on Sg. Further, let T (ro) ~ R® be the 3-dimensional tangent space
to the sphere S3 at the point rg, with alocal coordinate system that has the point
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Fig. 1 A base element on the unit circle, obtained by projecting a Gaussian on atangent line.

Qo as origin. Further, let .4 (u,X) be a Gaussian distribution on Tr(rp) and the
corresponding probability density function be pt. With the 2-valued central pro-
jection Iy, :Tr(rq)—Ss (Figure 1 illustrates how a probability density function
is induced on the unit sphere S; C R?), a density function is given on Sz by
ps(r):=2 pr (I, ~(r)) with C = fspr (ITr,~(r)) dr. The set of these pdfs ps is
called set of Rotational Projected Gaussians or RPG. The subset of pdfs for which
u = 0 in the corresponding Gaussian on the tangent space Tr is denoted as RPGg.
Note that this definition is not valid for points r - € S that are orthogonal to ro.
ps(r+) :=0 s the continuous completion.

In practice, the RPG is represented by its tangent point and the basis of the
tangent space, and by the parameters of the corresponding Gaussian distribution:
ps~ A (Tr(ro), i, X). Note that the same distribution can be represented by RPGs
with antipodal tangent points.

3.3 Pose Uncertainty

The pose uncertainty is modeled along the lines of the rotation uncertainty by in-
cluding the translation.

Definition 2: Let SE(3) be the group of rigid transformsin R 3, the rotation rep-
resented by a unit quaternion or equivalently a point on Sz and the translation by a
vector inR3, SE(3) ~ S3 x R3. Let x = (ro,t) beatransform (or pose), with rotation
ro and translation t. The tangent space to x is given by T (ro) :=Tr(ro) x R® ~ RS,
where Tr (1) ~ R isthe tangent spaceto the rotation part. Let .4 (u, X) beaGaus-
sian distribution on Tr (rp). With the 2-valued mapping

o)t T (ro) — S3x R3,

o) (Y1.Y2,Y3,Y4,Y5,Y6) = (Irg) (Y1,Y2,Y3) , (Ya, Y5, Y6))

adensity functionis given on Sz x R3 by p(r,t):=2p (Mo (r,t)) with
- C= Jgums p (I, t(r,t)) drdt. The set of these pdfs p is called set of Pro-
jected Gaussians or PG. The subset of pdfs for which p1 = up = puz = 0 in the
corresponding Gaussian on the tangent space is referenced as PG .
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Note that S3 x R® is a double coverage of SE(3) in the same way that Sz is a
double coverage of SO(3). Note also that we do not shift the origin with respect to
the position part of the pose. Again, in practice the PG is represented by the tangent
spaceasp~ A (T (rp), U, X).

3.4 Fusion of Projected Gaussians

In analogy to the fusion of Gaussian pdfs pertaining to the same phenomenon, we
now describethefusion of two PGs. The approachisto find acommon tangent space
that can represent both of the original PGs reasonably well. A detailed analysis
based on the approximation theory of the MPG framework exceeds the scope of
this paper - avalid heuristic for PGy type distributions is to fuse PGs if the angle
between the tangent pointsis less than 15°, or, equivalently, larger than 165°. Below
we describe the fusion process for PG in general - in practice we use PGg.

Let pp~ A (T (roa), M1, Z1) and pp ~ A (T (ro2), Uz, X2) be two pose pdfs
with cos(ro1-ro2) > 0.966 (if cos(ro1-ro2) < —0.966, use —rq instead of rg >,
the rest is unchanged).

1. Select roz= m (ro,1+ro,2) asthefirst tangent point for a common tan-
: o :

gent space T (ro.3). The basis of the space can be selected arbitrarily (we use a
random basis).
2. Restate p1in T (ro3): We define the transfer function f13: T (ro1) — T (ro3)
by f1a(y):= My, ) (H(To 0 (y)) , and the Jacobian of thistransfer function at
2ha|  The statistica

H1
moments of thedistribution p1 representedin T (rg 3) arethen estimated as iz 1 =

fiz(ur) and Zz1 =J13-Z1- 13", 0 pa1~ A (T (ro3), Ha1.231).

3. Restate po in T (ro3) as pz2 ~ A4 (T (ro3),U32,232). Note that while thisis
technically well defined even for large angle difference and wide spread distri-
butions, it only makes sense for rather small angle differences and concentrated
distributions. If wide distributions are needed, we use mixtures (Section 3.6).

4. Fuse pz1and pzo: These pdfs are now stated in the same R, so the fused pdf
ispg~ A (T (ro3), U3, Z3), with the parameters X3 = (231 1+ X3, 1) ~*and
Uz = (Z31+232) -1 (Z32- 131+ Z31-132). Theresulting probability density
function on S x R needs to be normalized according to definition 2.

5. Generdly, us # 0. Since it is advantageous to refrain to base elements of type
PGy, ps is restated according to step 2, with the new tangent point ros =
H(roﬁg,t) (us). Finally, the resulting base element is renormalized.

the mean value p;10f the original distribution py: Ji3 =
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3.5 Composition of transforms

It is required to model uncertain transforms of uncertain poses, for example if a
sensor is mounted on a mobile robot and the pose estimate is needed in world coor-
dinates. In our framework, transforms and poses are represented as dual quaternions
in order to calculate the probability distribution function of the composition, see
Goddard [4] for more detail.

3.5.1 Dual Quaternions

A dual quaternion g1 = 01,1+ €gs 2 is composed of two quaternions g and g, and
the dual number e, with e- e = 0. Summation of dual quaternionsis per component,
01402 = (011 +€d12) + (d2,1 +€022) = (1,1 +02,1) +€(Qr,2+ €01.1)-

The product of dual quaternionsis

0102 = (g1,1+€012) * (02,1 + €d2,2) = (1,1 % A2,1) +€(012% 02,1+ 01,1 % O2,2).

The conjugate of adual quaternionisq* = g, * + eg1*.

Let g be the rotation unit quaternion, and q; = [0, 1,12, t3] be the quaternion de-
rived from the translation components, then the dual quaternion g = g + €0.5¢ * g
represents the transform. A point (p1, p2, p3) is embedded into the dual quaternions
asp =1[1,0,0,0] + [0, p1, p2, p3] , and with this convention the rotation and trans-
lationisq=p=*qg*. The composition of two transforms, or of atransform and a pose,
is represented by the product of the dual quaternions,

P=02%qup*Qr** 02" =2+ 1+ P+ (G2* 1) ™.

The composition function g will be used to derive the covariance:

s = 9(d1,d2) = gr (Y1.Y2),

where they; are the 6-dimensional vectors on the corresponding tangent spaces,

and g and gt arerelated viathe central projections H(r%t) and H(ro 21)°

3.5.2 Calculation of Composition

This algebraic formulation justifies to set the tangent point of the composed base
elementtorgz =rg2x* o1, Whichfor PGg is also the mean value. For base elements
in PG\ PGy, the mean valuesin the describing pdfs need to be projected to S x R,
then propagated and projected back to the tangent space.

The Jacobian of g7 is used to derive the covariance matrix of the base element
describing the composition. With

Jo = % 00 and Xc = (201 202) the resulting covariance matrix of the

compositionis X3 =Jo- X - Jo'.
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3.6 Mixture of Projected Gaussians

As stated above, a precondition for the fusion PG base elementsis that their tangent
points are sufficiently close to each other and that they are sufficiently well concen-
trated. For this reason, widely spread probability density functions should not be
modeled in a single base element.

Instead, we use a mixture of PG or PGy base elements. Thus let p; € PG
or p;i € PGy be base elements, then the set of Mixtures of Projected Gaussians
MPG og Mixtures of Projected Gaussians with zero mean MPGg is defined as

{Pm=23L mpi|0<m < 1,3, m = 1}. The techniques of fusion and compo-

sition carry over to mixturesin asimiliar way they work for mixtures of Gaussians
[1].

Let Pm1, Pm2 € MPG, pm1 = %Zi”:l T1iP1i, Pm2 = %2',-:1 T2, jP2,j. The base
elements of the fused mixture are obtained from fusing the base elements of the
original mixtures: pms = f (Pm1, Pm2) = C~2ir:’j':1/li7j ‘my- - f (P, P2j), with
anormalizing constant C = (zmzlﬂu,j T - 7'[27]') ~1 Theweights myjand mp j are
those of the prior mixture.

The plausibility is composed of two factors, 4 j = o;,j - i j.

The factor o j = g-aaceos( (o1 102)?) says whether the mixture elements can
share a tangent space and thus probably pertain to the same cases in the mixture.
The angle distance is controlled by the factor a. Plausible results were obtained
with a =5, but thislacks arigid mathematical justification.

Thefactor § j = (us1i — Ma2,j) - (Za1i+2Zs2)) 1 (Uari—HMaz2j) | istheMar
halanobis distance of the mean values and covariances transported to the common
tangent space. It expresses that even if the mixture elements could share a tangent
space, they could still not be compatible.

The composition carries over in asimilar manner.

Pm3 = 9(Pmz1, Pm2) = C'Zmzl T T2j-9 (pl,i, pz,j).

withC = zﬂ’j'zl T 77521]') ~1. Inthis case, there is no question of whether two
base elements could apply at the same time, since the two probability distributions
are assumed to be independent, so the factor A; j is omitted.

Note that in both cases the individually fused or combined resulting base ele-
ments are assumed to be renormalized.

4 Conclusion and outlook

In this paper we present the framework of Mixtures of Projected Gaussians that
alows for modelling alarge variety of possible probability distribution functions of
6D poses. In contrast to aparticlefilter approach, much fewer parametersare needed
to describe the distribution. Like particle filter appraoches, it alows for classical
probabilistic inference rules like the Bayes update.
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The MPG representation of probability density functions is part of our overall
architecture for robotic perception [3]. In thislarger framework we also use particle
filter representations [2]. We can transform the probability density models between
the different representation forms. Currently, we use rejection sampling in order to
sample from MPG distributions to obtain particle sets, and we use a variant of the
EM agorithm in order to estimate MPG parameters from sample sets.

The operations of fusion, propagation or multiplication of MPG distributions
generaly result in alarge number of mixture elements. However, many of them have
practically zero weight, while others are approximately identical. The approach for
identifying doubl ettesdescribed in [ 1] will be carried over to the MPG. Similar com-
ponents are merged, negligible ones are omitted and the weights are renormalized.

The agorithms for probabilistic inference (fusion, propagation, multiplication)
arefully implemented in Mathematica and ported to C. The single time consuming
step is the integration in renormalizing the components. Here, we hope to find a
quadrature function that takes full advantage of the specia structure of theintegrand
to speed up the processing.

The covariance matrices are currently estimated using the Jacobian of the non-
linear transforms. These estimates could be improved by using the unscented esti-
mation technique (see Julier and Uhlmann [14])

In this paper we focus on the perception of static objects. The MPG framework
can be extended to the dynamic case as well, following concepts by Goddard [4]
and by Brox et a. [8].

Further work needs to be done on the analysis of the errors made in the approx-
imations by mixtures of projected Gaussians. This includes also the selection of an
appropriate statistical error measure, which in turn might very well depend on the
application.
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