OPTIMALITY AND UNIQUENESS OF THE (4,10,1/6) SPHERICAL
CODE

CHRISTINE BACHOC AND FRANK VALLENTIN

ABSTRACT. Traditionally, optimality and uniqueness of &n, N,t) spheri-
cal code is proved using linear programming bounds. Howeties approach
does not apply to the parametds, 10, 1/6). We use semidefinite programming
bounds instead to show that the Petersen code (which aresttieeg of thet-
dimensional second hypersimplex or the midpoints of theeedy the regular
simplex in dimensiort) is the unique(4, 10, 1/6) spherical code.

1. INTRODUCTION

Let C' be anN-element subset of the unit sphes¢—! C R". It is called
an (n, N, t) spherical codef every pair of distinct pointgc, ¢') of C' have inner
productc - ¢ at mostt. An (n, N, t) spherical code is calledptimalif there is no
(n, N,t") spherical code for alt < ¢.

Only for a few parameters optimal spherical codes are kn@ee [15, Table
9.1] and [10, Table 1]) and in all the known cases optimalip be proven using
linear programming bounds.

One source of optimal spherical codes are iterative kissimgigurations com-
ing from the E5 root lattice in dimensio8 and the Leech lattice in dimensiad
(seel[12]). Starting from the sphere packing defined by tletees one fixes one
sphere and considers all spheres in the packing touchiniixdteone. The touch-
ing points, also called a kissing configuration, fof®240, 1/2) and respectively
(24,196560, 1/2) spherical codes. Then one views the kissing configuraticm as
packing in spherical geometry and repeats this construc@me getg7, 56, 1/3)
and respectively23, 4600, 1/3) spherical codes.

More formally, one picks a point € C from an(n, M, 1/k) spherical code
C'in which z has M’ points N, € C with inner productl/k. Then the set
V1—1/k*(N, — 1/kx) forms an(n — 1, M’,1/(k + 1) spherical code.

In this way one gets sequences of spherical codes with péeene
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and
(24,196560,1/2), (23,4600, 1/3), (22,891,1/4), (21, 336,1/5), (20,170, 1/6).

The spherical codes in these sequences are well defined:afbé@ydependent of
the involved choices because the symmetry groups act destaansitively.

By using linear programming bounds Levenshtein [15] praved every sharp
(see Sectionl3) spherical code is optimal. This theoremiegppd all spherical
codes above buf4,10,1/6), (3,10,1/7), (21,336,1/5), (20,170,1/6). In all
the optimal cases the spherical code is also unique up togwtial transforma-
tions. This was proved for the casgs 240, 1/2), (7,56, 1/3), (24, 196560, 1/2),
(23,4600, 1/3) by Bannai and Sloanel[5] and for the cd4&&, 891,1/4) by Cuy-
pers [13] and independently by Cohn and Kumar [11] (who atscected a minor
error in the(23,4600, 1/3) case). Fo(6,27,1/4), (5,16,1/5) see the discussion
in [10, Appendix A]. One should point out that optimality doeot imply unique-
ness as one can see from the sh@fy® + 1)/(¢ + 1), (¢ + 1)(¢® + 1),1/¢?)
spherical codes from [9]. For somgethere are two different spherical codes with
these parameters.

Based on massive computer experiments Cohn et al. [6, 88 conjec-
tured that the(4, 10,1/6) spherical code is optimal and unique. As we explain
in Section 2 it is closely related to the Petersen graph andalét the Petersen
code Whether thé21, 336, 1/5) and(20, 170, 1/6) spherical code are optimal and
unique is currently unclear. At least in all these casesalipeogramming bounds
cannot be used to show optimality. Tt& 6,1/7) spherical code is not optimal
because the vertices of the regular octahedron fof8a@ 0) spherical code which
is a sharp spherical code.

The main result of this paper is the following theorem whicbves the conjec-
ture.

Theorem 1.1. The Petersen code is an optim@l 10, 1/6) spherical code. Up to
orthogonal transformations it is the unique spherical cedth these parameters.

The proof is based on the semidefinite programming boundsplogrical codes
developed in([2] and |3]. Currently this is the only case wewrwhere the semi-
definite programming bound is tight and the linear prograngniound is not. We
could not treat the casd®1,336,1/5) and(20,170,1/6) because of numerical
problems.

The structure of the remaining paper is as follows: Afteirgivsome construc-
tions and properties of the Petersen code in SeCtion 2, veischreveal the origin
of its name, we show in Sectidh 3 that atennotprove Theorerh 111 using linear
programming bounds. In Sectibh 4 we recall the semidefimdgramming bounds
and in Sectiofi]5 we present a proof of Theoten 1.1 based on them

2. CONSTRUCTIONS AND PROPERTIES OF THPETERSEN CODE

There are many possibilities to construct the Petersen aodeve already gave
one. Here we give three more.
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The next construction justifies the name “Petersen coded. Adtersen graph is
a graph withl 0 vertices and 5 edges. The vertices are given by thelement sub-
sets of &-element set and they are adjacent whenever the correspdidiement
subsets have empty intersection. Every point of the Petersde corresponds to
a vertex of the Petersen graph and the inner product betweepdints is—2/3
whenever the corresponding vertices are adjacent. The pmaduct isl/6 when-
ever the corresponding vertices are not adjacent. Thisatefitoram matrix unique
up to simultaneous permutation of rows and columns having 4a The number
of ordered pairs in the Petersen code with inner proeiot3 is 30 and those with
inner productl /6 equalstO.

In the Petersen graph every vertex has three neighborsy paérof adjacent
vertices has no common neighbors and every pair of nonadjaeetices has ex-
actly one common neighbor. So it is a strongly regular grajth parameters
v=10,k=3,A=0,u = 1. Itis easy to see that it is uniquely defined by these
parameters. For more information about strongly regulapligs see [4] and [8].

The next two constructions are geometric: After applyingiigable similarity
transformation the midpoints of the edges of the regulapkrin dimensiord
form the Petersen code. Tisecond hypersimpleA(2,5) is the 4-dimensional
polytope defined as the convex hull of the points-e; with 1 <4 < j < 5 where
e; is thei-th standard unit vector iR®. After applying a suitable similarity trans-
formation the vertex set ak (2, 5) forms the Petersen code. For more information
about second hypersimplices seel [16].

By [14, Theorem 5.5] the Petersen code forms a spheidalsign: A spherical
codeC C S™! forms aspherical M-designif for every polynomial function
f + R" — R of degree at mosd/, the average ovet’ equals the average over
sl

3. LINEAR PROGRAMMING BOUNDS

Traditionally, proofs of optimality of spherical codes arging the linear pro-
gramming bounds. In particular a theorem of Levenshtein) [Mfeorem 1.2],
which covered all known cases up to now, is based on them.r8gfe prove that
linear programming bounds cannot prove the optimality ef(th 10, 1/6) spheri-
cal code we briefly review the underlying notions (see algo[@4, Theorem 4.3],
[12, Chapter 9],[[2, Theorem 2.1]).

The positivity property of the Gegenbauer polynom'ﬁ[g2_1 (seel[1, Chapter
6.4]), which are normalized b@;‘ﬂ_l(l) = 1, underlies the linear programming
bounds for spherical codes &~ ': For every degreé = 0, 1, ... and every finite
subsetC of S”~! we have

(1) Z C’Z/z_l(c ) >0.
(c,c’)eC?

One formulation of the linear programming bounds is as ¥a$lo
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Theorem 3.1. Let F'(x) be a polynomial with expansion
d
e Fx) =Y KC/* (@)
k=0

in terms of Gegenbauer polynomia]§/2_1. Suppose that

(a) all coefficientsf;, are nonnegative,

(b) fo >0,
(c) F(z) <Oforall z € [-1,t].
Then an(n, N, t) spherical code satisfies
(3) N < w
fo

Proof. For an(n, N, t) spherical cod€' we have the inequalities

4 NF1)>= > FU)+ > Fle-d)= Y Fle-d)=Nf.

(c,c)eC? (C"C;)ée/ca (c,c)eC?
where the first inequality is due to (c) and the second due)tar(d the positivity
property [1). This together with (b) impliés 3. O

If there exists arin, N, t) spherical cod€’ so thatV = | F'(1)/fo ]| in (3), then,
of course,C' is a maximal(n, IV, t) spherical code. If furthermor® = F(1)/ fo,
then C' is an optimal(n, N, t) spherical code. This can be seen as follows. If
@3) is tight it follows from its proof that for afin, N, t) spherical cod€” one has
F(c- ) = 0 for distincte,d € C. Suppose’’ is an(n, N,t') spherical code
with ' < t. Then,F(c-¢) = 0 for all distinctc,¢ € C’. Now we perturb
C’ continuously to anothefn, N, ¢") spherical code®” with ¢’ < ¢" < t. Still
we would have that - ¢’ is a root of the polynomiaF for all distinctc, ¢ € C”
yielding a contradiction.

Levenshtein’s theorem says that for every sharp sphertickd there is a polyno-
mial satisfying the assumptions of Theorem| 3.1 for whidhig3ight. A spherical
codeC is calledsharpif it is a sphericalM/ -design and the numben of different
inner products between distinct points satisflés> 2m — 1 — dwith§ = 1if C
is antipodal and = 0 otherwise.

The Petersen code is a spherizgalesign which is not antipodal and there are
different inner products between distinct points. Thusdreshtein’s theorem does
not apply to it. Now we show that it is not possible to prove dpgimality of the
Petersen code with help of Theorem]3.1.

Suppose that the polynomi&l(xz) = 1 + Zﬁzl fxC}(z) satisfiesf;, > 0 for
k=1,...,dandF(z) < 0 forall x € [-1,1/6]. If F would prove that the
Petersen code is optimal, then the inequalities in (4) amalé®s, so we would
have that

d
5) 10=F1) =1+ fi,
k=1
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and that

(6) 0=F(=2/3) = F(1/6),

and furthermore that for alt with f;, > 0

7) 0= > Cpile-d)=10+60C;(1/6) + 30C}(—2/3).

(c,c)eC?

We shall show thaf{7) only holds fér= 1 andk = 2: By [1, (6.4.11)] we have
the following expression

(8) Ci(cos ) Z cos((k — 27)0
Hence,
(9) Jim Ci(—2/3) = Jim Ci(1/6) =0,

so that for sufficiently largé, (4) cannot hold true. Checking the remaining cases
it follows that [4) is only valid fork = 1,2. Hence,F is of degree2, but thenF’
cannot satisfy the conditionsl(5) and (6) aFiflz) < 0 for z € [-1,1/6].

This argument gives rather pessimistic estimates. In fagferical computa-
tions suggest that for all > 3 the optimal polynomial is

2270 2775 4 5 1 1500 ;. 5
- S 2¢° —

630" " 630 3 3) T Gm0 7),

and so the best upper bound one can probably prove using&rhgbi is10.625.
We checked this for alf < 40 by computer.

(10) Flz)=1+

4. SEMIDEFINITE PROGRAMMING BOUNDS

As we have seen above the positivity property of the polyradz;ﬂ"/ 2=t plays a

crucial role for the linear programming bounds. For the siimite programming
bounds this is replaced by the positivity property of themas S;'. From [2] we
recall the matrices;’ and their positivity property. First we define the entry;)
with 7, 5 > 0 of the (infinite) matrixY;* containing polynomials i, y, z by

(Vi) (@ y.2) = 'y -

(11) (1 -2z — y2))k/202/2—3/2 < z—ay ) |
)

V(I —a?)(1—y?
and then we ge$}’ by symmetrization'

(12) Sy = 15T 3| > oy,

ogES3
The matricesS}! satisfy the positivity property:

(13) for all finiteC' € S !, Sie-d e d ") =0,
k
(c,c’,c)eC?
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where = 0" stands for “is positive semidefinite” where we mean thatrgvie
nite minor is positive semidefinite. Note that the differemetween[(111) and the
original [2, (11)] is due to a change of basis which does nfgcetthe positivity
property.

The interval[—1, ¢| of the linear programming bounds is supplemented by the
domain

(14) D = {(Z’,y,Z) -1 §x7y7z §t71+2wyz_w2_y2_22 20}7

We need some more notation. The space of (finite) symmetricices is a
Euclidean space with inner produd, G) = trace(FG). The cone of positive
semidefinite matrices is self dual, i.e. one RAsG) > 0 for all positive semidefi-
nite G if and only if F' is positive semidefinite. IF' is a symmetric matrix withn
rows andm columns, then we interpréf’, S}') as the inner product of' with the
principal minor ofS}! of appropriate size.

Now we can state the semidefinite programming bounds. Tlenfiolg poly-
nomial formulation can be deduced from [2, Theorem 4.2]. \Wvige an inde-
pendent proof which has the additional feature that it giwésmation in the case
when the theorem provides tight results.

Theorem 4.1. Let F(z,y, z) be a symmetric polynomial with expansion

d
(15) F(z,y,2) =Y (Fi,SP),
k=0

in terms of the matriceS;’. Suppose that

(a) all Fy, are positive semidefinite

(b) Fy — foEo = 0 for somefy > 0 (Fy is the matrix whose only nonzero
entry is the top left corner which contain,

() F(z,y,z) <Oforall (x,y,z2) € D,

(d) F(z,z,1) < Bforall x € [-1,t].

Then an(n, N, t) spherical code satisfies

3B ++/9B2 + 4fy(F(1,1,1) — 3B)

(16) N <

2fo
Proof. Let C' be an(n, N, t) spherical code. Define
a7 S = Z F(c-d,c-d"d- ).

(e, ,c)eC?

Split this sum into three parts according to the indi€gsC,, C3 C C* where
C; contains all triples withi pairwise different elements. The contribution(f to
SisNF(1,1,1), the one ofC; at mostBN (N — 1) B and the one of’s is at most
zero. Together,

(18) S < NF(1,1,1) + 3N(N — 1)B.
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On the other hand,

d
(19) S = Z(Fk, Z Si(c-c,e-d' ")
k=0 (c,c’,c"eC3
(20) > (foFo, Z Si(c- e )
(e, ,c")eC3
(21) = N°fo,
yielding the statement of the theorem. O

A few remarks about the theorem and its proof are in order.

If the bound [(16) is tight, then all inequalities in the proofist be equalities. In
such a case we have the following identities: Lebe an(n, N,t) spherical code
with
DIC)={(c-,c- " ¢-"): (¢e,d,d") e C3},

I(C)={c- :(c,d)eC? c#},
and F' be a polynomial satisfying the hypothesis of Theofenh 4.h witnstants3
and f, and proving the tight bounB + \/9B2 + 4fo(F(1,1,1) — 3B))/2fo,
then

(i) N2fo— F(1,1,1) = 3(N —1)B =0,

(i) F(z,y,z)=0forall (z,y,z) € D(C),

(i) F(z,z,1) = Bforallz € I(C),

(iv) (Fy, 2(0’6176//)603 Si(c-d,e-d'd-d))=0forallk=1,...,d,

(V) (Fo, Z(c,c’,c”)ec3 Sg(c e C//)> = stO'

Semidefinite programming bounds are at least as stronges [programming
bounds: IfG = °¢_, g.C7/*7!(x) is a polynomial which satisfies the hypothesis
of Theoreni 3.1, then the polynomiBl(z, y, z) = (G(z) + G(y) + G(z))/3 satis-
fies the hypothesis of Theorém 1.1 with= G(1)/3 and fy = go. This is because
one setsy = goFEp and from [2, Proposition 3.5] it follows that one can express
G with semidefinite matrix coefficients.

From [3, Lemma 4.1] it follows that one can express every sgtniampolyno-
mial in the form [I5). However, this expansion is not unicgeig,

pty+z={(4"% ) 58) +((0).S7)
=((8%),50) +((3),51),
where only the second expansion involves semidefinite oggtrand where

(24) 50 = ((I-i-yi-z)/i% (:c(yx::cyzt—zzjz/)gm) , ST = ((e+y+2)/3—(ey+ez4y2)/3) .

(22)

(23)

5. PROOF OF OPTIMALITY AND UNIQUENESS

In this section we prove Theordm 1.1 with the help of Thedreih Although
we can present a proof which one can verify essentially withising computer
we relied heavily on computer assistance to find it.
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To show that the Petersen code is the unigué0, 1/6) spherical code we use
the matricesy € R**4, I} € R3*3, F, € R given by

2882/3 114 —2500 0
oo | 14 324 216 0
0= | —2500 216 8716 1296 |°

(25) 0 0 1296 11664
0 0 0
Fy=|0 3588 —4536 |,F, = (2000).
0 —4536 11664

Let

1 o
(26) mip = o Y ol@'y2h), 0<i<j<k,

be the polynomial which one gets by symmetrizirig’ 2. Then,

F(:L', Y, Z) :11664m320 + 11664m221 + 7128771220 — 9072’1’)@211

27
( ) + 432mo10 — 2412m111 + 324mq19 + 228mygo0 — 118/3,
and
1 2\ 2 1 5 4 20
@8 Fw)-B= g (e 3) (o) (# gt 3)

It is a straight forward computation that satisfies the condition of Theordm 4.1
with F(1,1,1) = 59750/3, B = 250, fo = 800/3 so that it showsV < 10 for a
(4, N,1/6) spherical code. This finishes the proof of the optimality.

Before showing uniqueness, let us describe how we defiyed’, F,. We have

1 migo0 maoo M300
4 mipo Mi110 M210 M310

SO (Z’, Y, Z) =

mapo0 MM210 MM220 71320

m3o0 MM310 "M320 1330
(29)
M100 — M110 MM110 — M210 "M210 — MM310

4
51 (ﬂ%y, Z) = | m110 —m210 Mi111 —M220 M211 — M320 |,
m210 — M310 M211 — M320 M221 — M330

Sé(ﬂ%y, z) = (—% + %mmo —3my + m220-)

Sothat0 = Y"7_ (K, St for

_1
N z 8 8 10 0
B0) Kio=] ;2 JKii=10 0 0],Ki2=(0),
’ 0 0O 0 0 ’ 00 0 ’
0 0O 0 0



OPTIMALITY AND UNIQUENESS OF THE (4,10,1/6) SPHERICAL CODE 9

1 _5
0 0o 0 00
Koo=|_5 g o o] K21=10230 Ky p = (1)
1
0 0 0 O 000
EET Y
Ks3po = 0 1 (2) 0 Ksi=[3 0 0,Ks2=(0),
2 0 0 0
0 0 0 O
0 o 11 Lo}
Ko = 1 2 2 Kai=(0 0 0],Ks2=(0),
Ol =3 o oY o)
0 3 0 0 2

i.e. the matricess; ;, form a basis of the kernel of the linear map which assigns
symmetric polynomials to the matrix coefficients. From tlecdssion following
the proof of Theorern 411 we know that the matrix entries hasatisfy the equal-
ities (i)—(v) where

1000 0 250 1%
Z Sé(c'c',c'c”,c"c"): 220 8 & & ,
(e, c")eC? 125 1%_5 @
9 36 648
000
(31) Z Stc-cye-d'd-"y=10 0 0],
(e, ,c")eCs 000

Z Sy(c-dye-d'd ") = (0) .

(c,c’,c”)EC@
We restrict our search to polynomiat$satisfying
OF 2 21 oF 211 oF 2 2
32) —(-=,—=,=)=0,—(—-=,=,=)=0,—( —=,—=,1) =0.
(32) E?x( 3’ 3’6) O’@w( 3’6’6) O’@w( 3’ 3’) 0
Furthermore, we restrict our search to those polynomiaigylin the subspace of
dimension9 spanned by

(33) M320, M221, M220, M211, M210, M111, M110, 712100, 1-
The one dimensional affine subspace
Fy(z,y,2) = (11664msa0 + 9720mag0 — 1296ma109 — 6480m11;

+ 2268m110 — 108m109 — 18) + v(34992mgay — T776magg
— 27216mo11 + 5184mo1g + 12204m111 — 5832m11¢

+ 1008my00 — 64), v €R,

(34)
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satisfies all these linear equalities. We have
2
(35) Fy(x,y,2) = Y _(Ap, Si) + a(By, Sp)
k=0
with
—18 —54 0 0
—5b4 2268 —648 0

Ado=1 0 i 3240 5832 |
(36) 0 0 5832 0
0 0 0
Ai={0 —6480 0,4, = (0),
0 0 0
and
—64 504 0 0
B _ | P04 5832 2502 0
071 0 2592 4428 —13608 |’
(37) 0 0 —13608 34992
0 0 0

By=[0 12204 —13608 |,B; = (0).
0 —13608 34992

In this affine subspace we want to find a polynomial which Batighe inequal-
ities (c) and (d) from Theorem 4.1 and which at the same tinseah@presentation
of the form [I%) with positive semidefinite matricé. Hence, we are left with
the problem of finding a matrix in the intersection of an affidbspace with the
cone of positive semidefinite matrices which is a basic taskeimidefinite pro-
gramming. Since this problem is not known to beNR — in fact it is the major
open problem in the theory of semidefinite programming — & fwriori not clear
that a solution of it exists which one can nicely describe.

We solved these two semidefinite programming problems agggrand we
used the numerical softwagsdp ([7]) for this task: 1f0.28 5 v < 0.68, then
F, satisfies (c). 10.18 < v < 0.38, thenF,, has a representation of the forim(15)
with positive semidefinite matrices. We make the Ansatz % and try to find a
nice representation. For this we solve the semidefinitaldgi&g problem

1
(38) Ap+ gBk + 1K) + BoKo g + 3Kz, + BuKyp =0, k=0,1,2,

which luckily happens to have the solutigh = 33 = 84 = 0 and3 = 2000.
To show uniqueness we first derive the three points distaistebdtion o of a
(4,10, 1/6) spherical cod€' which is defined by

1
B9) «a(x,y,z2) = @H(c, el :cd=xcd=yd =2z}

Since—2/3 and1/6 are the only roots of the polynomiél(x, z, 1) — B, these are
the only inner products which can occur among distinct oimtC'. This enables
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us to use (iv) and (v) together with the relations
alz,y,z) = alo(x,y, z)), forall o € Ss,
a(l,1,1) =1,
Z(:lmy,z)eD a(z,y, z) = 100,
z€[—1,1] Oé(l’, €, 1) =10,

(40)

to determinex by solving a system of linear equations: Itis

a(—2/3,-2/3,1/6) =6, «(-2/3,-2/3,1) =3,
(41) a(—2/3,1/6,1/6) =12, «(1/6,1/6,1/6) = 18,
a(1/6,1/6,1) =6, a(l,1,1) = 1.
Now by [14, Theorem 5.5 is a sphericaR-design. By [[14, Theorem 7.4] it

carries a 2-class association scheme whose valenciestangkiction numbers are
uniquely determined. In fact it is a strongly regular grapgthywarametersy = 10,

k=3,A=0,u = 1. This is the Petersen graph which finishes the proof of the

uniqueness.
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